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Recall: quantum channels

Unitary operation: m=1 and A1 = U (r maps to UrU†) 

Also known as: general quantum operations, admissible operations,
completely positive trace preserving maps

Then the mapping is a quantum channel
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Let A1, A2 , …, Am be any matrices satisfying 

Decoherence: A0 = |f0ñáf0|, A1 = |f1ñáf1|, …, Ad–1 = |fd-1ñáfd-1|
(equivalent to measuring in in some basis and outputting the collapsed state)

Partial trace (of a bipartite register):
A0 = IÄá0|, A2 = IÄá1|, …, Ad–1 = IÄád–1|

Examples of channels:

Probabilistic mixture of unitary operations: Ak = √pkUk , where (p1, …, pm) 
is a probability distribution and each Uk is unitary

–



More about the partial trace (1)

Easy case: for a product state r = s Äµ, it holds that Tr2(r ) = s
In general, Tr2(r ) is not so trivial, since the state of a two-register system 
may not be of the form s Äµ (it may contain entanglement or correlations)

Intuition: for a bipartite system in state r, Tr2(r ) is the state of the 1st register 
(if the 2nd register is discarded)  

Aside 1
The “full” trace, is Tr (r ) = áf0|r|f0ñ + áf1|r|f1ñ + … + áfd-1 |r|f d-1ñ, 
where |f0ñ, |f1ñ, …, |fd-1ñ is any orthonormal basis (equivalently, for  
square matrix M, Tr (M ) is the sum of the diagonal entries of M)
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Note: Tr(AB) = Tr(BA) and Tr(A+B) = Tr(A) + Tr(B) hold

… but, in general, Tr(ABC) ≠ Tr(ACB) and Tr(AB) ≠ Tr(A) Tr(B)

Aside 2
For any matrices A, B, C, D where the dimensions are compatible, 
(AÄB)(CÄD) = (AC)Ä(BD) 



More about the partial trace (2)
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If the state happens to be pure then the outcome is   | i =
d�1X

j=0

�j |⌫ji ⌦ |�ji
<latexit sha1_base64="fCB+nJScaFOChFyxtlZzj+ahynE="></latexit>

|⌫ji
<latexit sha1_base64="8R/DgENYmgvrVtpkC7TuSCky8WU=">AAACIXicbZBLSwMxFIUzPmt9VV26CZaCqzJTBV0W3LisYB/QGUomvdPGZjJjkinUsb/DreKvcSfuxB+jmTqL2nogcPjOvSE5fsyZ0rb9aa2srq1vbBa2its7u3v7pYPDlooSSaFJIx7Jjk8UcCagqZnm0IklkNDn0PZHV1neHoNULBK3ehKDF5KBYAGjRBvkPboi6d25kogBh16pbFftmfCycXJTRrkavdK3249oEoLQlBOluo4day8lUjPKYVp0EwUxoSMygK6xgoSgvHT26CmuGNLHQSTNERrP6PxGSkKlJqFvJkOih2oxy+B/WTfRwaWXMhEnGgSdFivzi5BwkONwgWaXxOQhMtjQIOFYRzirC/eZBKr5xBhCJTMfw3RIJKHalFo0jTmL/SybVq3qnFVrN+flei3vroCO0Qk6RQ66QHV0jRqoiSi6R0/oGb1Yr9ab9W59/I6uWPnOEfoj6+sHfbSk3Q==</latexit>

with probability         for each j ∈ {0,1 , …, d–1} |�j |2
<latexit sha1_base64="+Sd++TVobkoRKmj9Tjv4WSB1MEM=">AAACIXicbZBLS8NAFIUn9VXjq+rSTbAUXJWkCrosuHFZwT6gjWUyuWnHTjJxZlKoaX+HW8Vf407ciT9GJzWLWr0wcPjuOcPM8WJGpbLtD6Owsrq2vlHcNLe2d3b3SvsHLckTQaBJOOOi42EJjEbQVFQx6MQCcOgxaHujy2zfHoOQlEc3ahKDG+JBRANKsNLInfaY9vq4fze9rfVLZbtqz8f6K5xclFE+jX7pq+dzkoQQKcKwlF3HjpWbYqEoYTAze4mEGJMRHkBXywiHIN10/uiZVdHEtwIu9ImUNaeLiRSHUk5CTztDrIZyeZfB/3bdRAUXbkqjOFEQkZlZWQxCwkCMwyWaXRLjB66xpkHCLMWtrC7LpwKIYhMtMBFUf8wiQywwUbpUUzfmLPfzV7RqVee0Wrs+K9dreXdFdISO0Qly0DmqoyvUQE1E0D16RE/o2XgxXo034/3HWjDyzCH6NcbnN/4dpJI=</latexit>

This is exactly what is produced by the channel defined by the operators
A0= IÄáf0| , A1= IÄáf1| , …, Ad-1 = IÄáfd-1|

These operators also represent the measurement in the case where the 
state is mixed (by considering probability distributions over pure states)

Based on this, we can define Tr(⇢) =
d�1X

k=0

(I ⌦ h�k|) ⇢ (I ⌦ |�ki)
<latexit sha1_base64="uee3WOqkh+k4yXFMEyeHjhpML9Q="></latexit>

Imagine measuring the 2nd register with respect to the above basis 
and discarding the second register

1. Definition of Tr2 ( ) in terms of measurements
Let |f0ñ, |f1ñ, …, |fd-1ñ be an orthonormal basis for the second register



More about the partial trace (3)

The partial trace Tr2(r) , can also be defined as the unique linear operator* 
satisfying the identity  Tr2(s Äµ) = s

2. Alternate definition of Tr2 ( ) in terms of a linear extension
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* By linear operator, we mean an operator that maps    
d1d2 x d1d2 matrices to d1 x d1 matrices (where d1 and d2 
are the dimensions of the two registers) such that 

F(αA + βB) = αF(A) + βF(B)
for all A, B ∈ ℂd1d2 x d1d2 and α , β ∈ ℂ

d1 d2



6

More about the partial trace (4)
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3. Explicit expression for Tr2 ( )
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Channel for adding an extra register

A channel with just one operator A0 = IÄ|0ñ
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Any state of the form  r becomes  rÄ|0ñá0|

More generally, to add a register in state |fñ, use the operator A0 = IÄ|fñ

Adding an extra register that is in some fixed state (say |0ñá0|)
(it’s kind of complementary to the partial trace)

Exercise: what is the channel corresponding to adding a register in 
a mixed state s ?

|0ñá0|
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General quantum 
measurements
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Prelude: projective measurements

|0ñ |1ñ

|2ñ

P0 = |0ih0|
P1 = |1ih1|
P2 = |2ih2|

span of |0ñ and |1ñ

|2ñ

P1 = |0ih0|+ |1ih1|
P2 = |2ih2|

In both cases, there is a complete set of mutually orthogonal projectors:
PiPj = 0

X

j

Pj = I and

The collapsed state is the projected vector, but normalized   

The probability of outcome j is h |P †
j Pj | i = Tr

�
| ih |P †

j Pj

�
using
Tr(AB)=Tr(BA)
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Generalized measurements (1)
Let A1, A2 , …, Am be any matrices satisfying 

Example 1: Aj = |fjñáfj| (rank-1 orthogonal projectors)

Can calculate that this is consistent with previous definitions (see next slide)

IAA j

m

j
j =å

=1

t

Corresponding generalized measurement is a stochastic operation 
on r that, with probability                     , produces outcome:

j (classical information)

( )tjj AρATr

( )t
t

jj

jj

AρA
AρA

Tr
(the collapsed quantum state)

Question: what if we do the above but don’t look at  j?
Answer: we get the channel corresponding to A1, A2 , …, Am
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Generalized measurements (2)

Moreover, 

( )tjj AρATr

( ) jj

j

jjjj

jj

jj φφ
ψφ

φφψψφφ
AρA
AρA

== 2Tr t

t

When Aj = |fjñáfj| are orthogonal projectors and r = |yñáy|,

= Tr|fjñáfj|yñáy|fjñáfj|
= áfj|yñáy|fjñáfj|fjñ
= |áfj|yñ|2
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Generalized measurements (3)
Example 3 (trine state �measurent�):

Let |j0ñ = |0ñ,  |j1ñ = -1/2|0ñ + Ö3/2|1ñ,  |j2ñ = -1/2|0ñ - Ö3/2|1ñ

Then IAAAAAA =++ 221100
ttt

If the input itself is an unknown trine state, |jkñájk|, then the probability that 
classical outcome is k is 2/3 = 0.6666…
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POVM measurements
(POVM = Positive Operator Valued Measure)

The probability of outcome j is ( ) ( )jjjj AAAA tt rr TrTr =

Often generalized measurements arise in contexts where we only care 
about the classical part of the outcome (not the residual quantum state), 
and then the definition can be simplified as follows

POVM measurements:

Let E1, E2 , …, Em be positive semidefinite and with IE
m

j
j =å

=1

The probability of outcome j is ( )jErTr

Note: for a POVM measurement, there is no well-defined residual state, 
because the corresponding  A1, A2 , …, Am are not uniquely defined



�Mother of all operations�
Let A1,1, A1,2 , …, A1,m1                

satisfy
A2,1, A2,2 , …, A2,m2

Ak,1, Ak,2 , …, Ak,mk

IAA
k

j
ij

m

i
ij

j

=åå
= =1

,
1

,
t

Then there is a quantum operation that, on input r, produces  

with probability                              the state:  

j (classical information)

(the collapsed quantum state)

( )å
=

jm

i
ijij AA

1
,,Tr tr

å
=

jm

i
ijij AA

1
,,
tr

( )å
=

jm

i
i,ji,j AρA

1
Tr t
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Simulations among operations
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Simulations among operations (1)

Theorem 1: any quantum channel can be simulated by applying a unitary 
operation on a larger quantum system:

U

|0ñ
|0ñ
|0ñ

r s

Example: decoherence

|0ñ

a|0ñ + b|1ñ
ú
ú
û

ù

ê
ê
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é
= 2
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0
0
β

α
ρ

output

discard

input

This specification of a 
quantum channel is called 
the Stinespring form
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Simulations among operations (2)
Proof of Theorem 1:
Let  A1, A2, …, A2k be any  2m x 2n matrices such that

2kX

j=1

A†
jAj = I

This defines a mapping from n qubits to m qubits

⇢ 7!
2kX

j=1

Aj⇢A
†
j

This specification of the quantum operation is called the Kraus form

Kraus operators
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Simulations among operations (3)

Set V =
2

6664

A1

A2
...

A2k

3

7775

Since  

the columns of V are orthonormal

⇥
A†

1 A†
2 · · · A†

2k

⇤
= I

2

6664

A1

A2
...

A2k

3

7775

V †V =

U

|0ñ
|0ñ
|0ñ

r

Now, consider the circuit:Let U be any unitary matrix with first 
2n columns from V 

U is a 2m+k x 2m+k matrix 
(and its columns partition into 2m–n+k 

blocks of size 2n)

U = [ V W ]
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Simulations among operations (4)
The output state of the circuit is

=

2

6664

A1

A2
...

A2k

3

7775

2

6664

⇢ 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

3

7775

2

664

A†
1 A†

1 · · · A†
2k

3

775

=

2

6664

A1⇢A
†
1 A1⇢A

†
2 · · · A1⇢A

†
2k

A2⇢A
†
1 A2⇢A

†
2 · · · A2⇢A

†
2k

...
...

. . .
...

A2k⇢A
†
1 A2k⇢A

†
2 · · · A2k⇢A

†
2k

3

7775

U(|00 · · · 0ih00 · · · 0|⌦ ⇢)U †

W †

=

2

6664

A1⇢ 0 · · · 0
A2⇢ 0 · · · 0
...

...
. . .

...
A2k⇢ 0 · · · 0

3

7775

2

664

A†
1 A†

1 · · · A†
2k

3

775W †

W
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Simulations among operations (5)
Tracing out the high-order k qubits of this state yields

A1⇢A
†
1 +A2⇢A

†
2 + · · ·+A2k⇢A

†
2k

exactly the output of mapping that we want to simulate

U

|0ñ
|0ñ
|0ñ

r s output

discard

input

m+k–n k

n m

Note: this approach is not always optimal in the number of ancilliary 
qubits used—there are more efficient methods
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Simulations among operations (6)
Theorem 2: any POVM measurement can also be simulated by applying a 
unitary operation on a larger quantum system and then measuring:

U|0ñ
|0ñ
|0ñ

r s quantum outputinput

classical outputj

This is the same diagram as for Theorem 1 (drawn with the 
extra qubits at the bottom) but where the “discarded” qubits 
are measured and part of the output


