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Abstract

These notes explain the basics of quantum information processing, with

intuition and technical definitions, to anyone with a solid understanding of

linear algebra and probability theory. They are in three parts:

Part I: A primer for beginners

Part II: Quantum algorithms

Part III: Quantum information theory.

The second and third parts can be read in any order. These are used for a course

at the University of Waterloo entitled “Quantum Information Processing” (with

multiple numberings QIC 710, CS 768, PHYS 767, CO 681, AM 871, PM 871).

I have attempted to make the notes accessible to the broad community of

students who usually take this course. As a result, some readers might find the

writing style too chatty in places. Of course, readers can skim over (or skip)

any parts that they already have a good feel for.
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1 Preface

The goal here is to explain the basics of quantum information processing, with in-
tuition and technical de�nitions. To be able to follow this, you need to have a solid
understanding of linear algebra and probability theory. But no prior background in
quantum information or quantum physics is assumed.

You'll see how information processing works on systems consisting of quantum bits
(called qubits) and the kinds of manoeuvres that are possible with with them. You'll
see this in the context of some simple communication scenarios, including: state dis-
tinguishing problems, superdense coding, teleportation, and zero-error measurements.
We'll also consider the question whether quantum states can be copied.

Although the examples considered in this part are simple toy problems, they are
part of a foundation. This will help you internalize the more dramatic applications
in quantum algorithms and quantum information theory, that you'll see in the later
parts of the course.

If you feel that you are past the beginner stage, please consider looking
at section 5, where we consider questions about communicating a trit using
a qubit|and there is some subtlety with that.
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2 What is a qubit?

In this section we are going to see how single quantum bits|called qubits|work.
Some of you may have already seen that the state of a qubit can be represented as a
2-dimensional vector (or a 2� 2 \density matrix"). Since there are a continuum of
such possible states, it is natural to ask:

Is a qubit digital or analog?

How much information is there in a qubit?

Please keep these questions in mind, as we work our way from bits to qubits.

2.1 A simple digital model of information

To begin with, please take a moment to consider how to answer the question:

What is a bit?

12



Although a valid answer is that a bit is an element off 0; 1g, I'd like you to think
of a bit in an operational way, as asystemthat can store an element off 0; 1g and
from which the information can beretrieved. There are also other operations that we
might want to be able to perform on a bit, such as modifying the information stored
in it in some systematic way.

I happen to own a little 128 gigabyte USB 
ash drive that looks like this.

Figure 1: My 128 GB USB 
ash drive.

Think of a bit as a 
ash drive containingjust one single bit of information. Let the
blue box in �gure 2 denote such a system.

Figure 2: Think of a bit as a USB drive containing one single bit of information.

We will imagine a few simple devices that perform operations on such bits. First,
imagine a device that enables us toset the value of a bit to 0 or 1.

Figure 3: A set device enables us to set a bit to 0 or 1.

We plug our bit into that device and then we push one of the two green buttons to
set the state to either 0 or 1. Suppose we push the button on the left to set the state
to 0.

Later on, we (or someone else) might want to read the information stored in a bit.
Imagine aread device that enables this.

13



Figure 4: Plug a bit into a read device and push the activation button to see it's value.

We can plug the bit into that device and then push the activation button. This causes
the bit's value to appear on a screen, so that we can see it.

A third type of device is one that transforms the state of a bit in some way. For
example, for aNOT device, we plug the bit in and, when we push the button, the
state of the bit 
ips (0 changes to 1 and 1 changes to 0).

Figure 5: A NOT device enables us to 
ip the value of a bit.

This transformation is calledNOT because it performs a logical negation, where we
associate 0 with \false" and 1 with \true". Note that, for this kind of operation,
we don't care about seeing what the value of the bit is, as long as that value gets
negated.

OK, that's more or less what conventional information processing is like|albeit
with many more bits in play and much more complicated operations.

2.2 A simple analog model of information

Next, let's consider an analog information storage system. It has a continuum of
possible states (perhaps a voltage that can be anywhere within some range). We can
abstractly think of the state of the system as any real number between 0 and 1 (that
is, in the interval [0; 1]). We'll use a di�erent color to distinguish this from the bit.

Figure 6: An analog USB drive that stores a value in the interval [0; 1].

14



Let the red box in �gure 6 represent such a system, an analog memory.
Imagine a device thatsets the state of the analog memory. We plug our system

Figure 7: An analog set device.

into it. Suppose that there is some kind of dial that can be continuously rotated to
specify any number between 0 and 1. Then we press the activation button and the
state of the system becomes the value that we selected.

We can also imagine reading the state of such a system. Here theread device has

Figure 8: An analog read device.

an analog display depicted as a meter. When we press the button the needle goes to
a position between 0 and 1, corresponding to the state.

And we can also imagine an analogtransformation that, when activated, applies

Figure 9: An analog f -transformation device.

some functionf : [0; 1] ! [0; 1] (for example, mappingx to x2 or x to 1 � x).
The real numbers are a mathematical idealization. In any implementation, there

will be a certain level of limited precision for all of the operations. But such analog
devices can be useful even if their precision isn't perfect. Moreover, in principle,
one could make the level of precision very high. The resulting system may be very
expensive to manufacture, but it could contain a lot of information.
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2.3 A simple probabilistic digital model of information

Before considering quantum bits, let's introduce randomness into our notion of a bit.
Suppose that the state of our bit is the result of some random process, so there's

a probability that the system is in state 0 and a probability that it's in state 1. Of
course the probabilities are greater than or equal to 0 and they sum to 1. Let's put
aside the question of what probabilities really mean. I'm going to assume that you
already have some understanding of this.

Now imagine a new kind of device torandomly set the value of a bit, where
some probability value, between 0 and 1, is selected by rotating a dial (within some
precision, of course).

Figure 10: A probabilistic set device.

When we activate, the bit gets set to 1 with the probability that we selected; and
otherwise it gets set to 0.

Now, from our perspective, if we know how the dial was set, there's a speci�c
probability distribution, with components p0 and p1, and the state of the system is
best described by this probability vector

�
p0

p1

�
: (1)

But note that the actual state is either 0 or 1 (we just don't know which). The
probability vector is a useful way for us to think about the state given what we know
(and don't know).

Notice that the probabilistic digital model has an analog 
avour. There are a
continuum of possible probability distributions. The set device for analog (�gure 7)
and the set device for probabilistic digital (�gure 10) are super�cially similar: they
both have a dial for selecting a value between 0 and 1. However, what the devices
actually do is very di�erent.

Suppose that, later on, we insert our bit into a read device|which is the same
read device as in �gure 4. After we press the activation button, the actual value of
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the bit appears on the screen. Once we see the value of the bit, we change whatever
probability vector we might have associated with it: the component corresponding
to what we saw becomes 1 and the other component becomes 0. Let's refer to this
change as the \collapse of the probability vector".

Note that, if we activate the read device a second time we will just see the same
value we saw the �rst time|as opposed to another independent sample. To be clear,
what the bit contains is the outcome of the original random process for setting the
bit. It does not contain information about the random process itself.

Also, if we didn't know what probability values p0 and p1 were used when the bit
was set then reading the bit does not provide us with those values. After reading the
bit, all we can do is make some statistical inferences. For example, if the outcome
of the read operation is 1 then we can deduce thatp1 could not have been 0. This
is very di�erent from the analog model, where we can actually see the value of the
continuously varying parameter using a read device.

There are also transformations, like theNOT operation, and, more generally, any
2 � 2 stochastic matrix makes sense as a transformation.

Figure 11: A stochastic transformation, where S is some stochastic matrix.

A 2 � 2 stochastic matrix is of the form

S =
�
s00 s01

s10 s11

�
; (2)

wheres00; s01; s10; s11 � 0, s00 + s10 = 1, s01 + s11 = 1. In other words, each column of
S is a valid probability distribution. Applying S changes state 0 to [s00

s10 ] and state 1
to [ s01

s11 ]. If our knowledge of the state is summarized by the probability distribution
[ p0

p1 ] then applying S changes our knowledge toS[ p0
p1 ].

OK, that's essentially what information processing with bits is like when we allow
random operations (again, with many more bits in play and much more complicated
operations).
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2.4 A simple quantum model of information

So how doquantum bits �t in? Are quantum bits like probabilistic bits or are they
like analog? In fact, they are neither of these. Quantum information is an entirely
di�erent category of information. But it will be worth comparing it to probabilistic
digital and analog.

A quantum bit (or qubit) has aprobability amplitudeassociated with 0 and with 1.
Probability amplitudes (called amplitudes for short) are di�erent from probabilities.
They can be negative|in fact they can be complex numbers. As long as they sat-
isfy the condition that their absolute values squared sum to 1. In other words the
amplitude vector, written here with components� 0 and � 1, is a vector

�
� 0

� 1

�
2 C2 (3)

whose Euclidean1 length is 1 (also called aunit vector).
OK, that's a de�nition, but it's natural to ask: what do these amplitudes actually

mean? Our approach to answering this question will beoperational. What I mean
by this is that we'll consider what happens to qubits when basic operations similar
to set, read, and transform are performed. We'll develop an understanding of qubits
by seeing them in action.

Later on, it will become clear that, unlike with probabilities, the explicit state of
a qubit is not 0 or 1; it works better to think of the amplitude vector [� 0

� 1 ] as the
explicit state. In this one respect, quantum digital states resemble our analog system,
where the explicit state is the continuous value.

Now, let's see qubits in action. We have our quantum memory, which we will
denote as a purple box, containing a qubit.

Figure 12: A quantum memory containing a qubit.

To begin with, imagine a device that enables us toset the state of a qubit to any
amplitude vector.

1The Euclidean length of a vector [� 0
� 1 ] is de�ned as

p
j� 0j2 + j� 1j2.
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Figure 13: Plug the qubit into a set device, set the dials, and then push the activation button to
set the state of the qubit.

The device has two dials that we can rotate. Why two? Because there are two real
degrees of freedom for all amplitude vectors: the amplitudes� 0 and � 1 (which are
complex numbers) can be expressed in a polar form

� 0 = sin( � ) (4)

� 1 = ei� cos(� ) (5)

which is in terms of two2 angles. So we can tune the two dials to specify any state
(within some precision), and then we press the activation button and the qubit is set
to the state that we speci�ed.

Next, the quantum analogue of the read device is called themeasuredevice.

Figure 14: Quantum measuredevice.

We're going to consider this device carefully. Recall that the state of the qubit is
described by an amplitude vector [� 0

� 1 ]. What happens during a measurement is:

1. The outcome displayed on the screen is either a 0 or a 1, with respective prob-
abilities the j� 0j2 and j� 1j2. Note that this makes perfect sense as a probability
distribution, because these quantities sum to 1.

2. Also, the amplitude vector \collapses" towards the outcome in a manner similar
to the way that a probability vector collapses when we read the value of a bit.
The amplitude for the outcome becomes 1 and the other amplitude becomes 0.

2Perhaps you noticed that there are actually three degrees of freedom; however, it turns out that
one of them doesn't matter (this will be explained in section 6.5).
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This is depicted in Figure 15.

Figure 15: When a measure device is activated, there are two possible outcomes.

For example, suppose we press the button and the outcome is 0 (an outcome that
occurs with probability j� 0j2). Then 0 is displayed on the screen and the state of the
qubit changes from [� 0

� 1 ] to [ 1
0 ]. The original amplitudes � 0 and � 1 are lost. In this

sense, the measurement process is a destructive operation. And there's no point in
measuring the qubit a second time; we would just see the exact same result, 0, again.

It should be clear that, if we don't know the state [� 0
� 1 ] of a qubit, then measuring

it does not enable us to extract the amplitudes� 0 and � 1. In this respect, qubits
resemble the bits in our probabilistic digital system.

Considering these two operations, set and measure, you might wonder: what's
the point of these amplitudes? Amplitudes seem to be kind of like square roots of
probabilities. When we measure, the absolute values of the amplitudes are squared
and we get a probabilistic sample. So what is the point of taking those square roots?
In fact, if we stopped with these two operations, set and measure, then qubits would
be essentially the same as probabilistic bits.

But qubits are interesting because we can also perform transformations like rota-
tions on amplitude vectors, which essentially change the coordinate system in which
subsequent measurements are made. Note that, if you rotate a vector of length 1, it's
still a vector of length 1, so the validity of quantum states is preserved. In fact, the
allowable transformations areunitary operations, which are kind of like \generalized
rotations", and include operations like re
ections too. IfU is a speci�c 2� 2 unitary
matrix then Figure 16 shows how we denote the device that performs the operation
\multiply the state vector by U."
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Figure 16: A unitary operation, whereU is a 2� 2 unitary matrix, transforms a state by U.

We'll shortly see (in section 3.2) a formal de�nition ofunitary and some interesting
manoeuvres involving unitary operations in subsequent sections.

Together, these three kinds of operations|set, measure, and unitary|are es-
sentially the building blocks of quantum information processing. We'll see that all
the strange and interesting feats that can be performed in quantum information
and quantum computing are based on these operations|and similar ones involving
more qubits.

Finally, a comment about terminology. What I've been calling \probabilistic"
is commonly known as \classical". The word \classical" is a reference to classical
physics, the physics that existed before the advent of quantum physics. So we have
classical information and classical bitsvs. quantum information and qubits.
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3 Notation and terminology

We now have a basic picture of how qubits work. But there are a few details to �ll in,
and we'll spend a little time with that. And then we'll consider the question of how
much classical information can be communicated using a qubit (in section 5). There
will be a surprise application, which is a concrete problem for which one single qubit
can accomplish something that cannot be accomplished with one single classical bit.

3.1 Notation for qubits (and higher dimensional analogues)

First, let's brie
y go over some notation and further terminology. Recall that the state
of a qubit is its amplitude vector, a unit vector [� 0

� 1 ] 2 C2. This state is commonly
denoted using thebra-ket notation as� 0 j0i + � 1 j1i (it's also called theDirac notation,
after Paul Dirac). The strange looking parentheses (with the angle bracket on the
right side) are calledkets, and j0i and j1i are shorthand for the basis vectors, which
are orthonormal (whereorthonormal means orthogonal and of unit length). Figure 17
illustrates the geometric arrangement of the vectorsj0i , j1i , and � 0 j0i + � 1 j1i = [ � 0

� 1 ]
for a generic quantum state vector.

Figure 17: Geometric view of the computational basis statesj0i , j1i , and a superposition [� 0
� 1 ].

Note that �gure 17 is a schematic because [� 0
� 1 ] 2 C2, rather than R2. The basis

vectors j0i and j1i are commonly referred to as thecomputational basis states. For
quantum states, the linear combinations� 0 j0i + � 1 j1i are also calledsuperpositions.

More generally, in higher-dimensional systems (which will come up shortly), any
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symbol within a ket denotes a column vector of unit length, like

j i =

2

6
6
6
6
6
4

� 0

� 1

� 2
...

� d� 1

3

7
7
7
7
7
5

; (6)

where
P d� 1

j =0 j� j j2 = 1.
A bra is like a ket, but written with the angle bracket on the left side, and it

denotes the conjugate transpose of the ket with the same label. Taking the conju-
gate transpose of a column vector yields a row vector whose entries are the complex
conjugates of the original entries, like

h j =
�
�� 0 �� 1 �� 2 � � � �� d� 1

�
: (7)

A bra is always a row vector of unit length.
The inner product of a two kets is written as a bra-ket, orbracket, which can be

viewed as shorthand for the product of a row matrix with a column matrix. If

j� i =

2

6
6
6
6
6
4

� 0

� 1

� 2
...

� d� 1

3

7
7
7
7
7
5

: (8)

then the inner product of j i and j� i is the bracket

h j� i = h j � j � i =
�
�� 0 �� 1 �� 2 � � � �� d� 1

�

2

6
6
6
6
6
4

� 0

� 1

� 2
...

� d� 1

3

7
7
7
7
7
5

(9)

=
d� 1X

k=0

�� k � k : (10)

Recall that, for inner products of complex-valued vectors, one takes the complex
conjugates of the entries of one of the vectors.
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3.2 A closer look at unitary operations

Let U be a square matrix. Here are three equivalent de�nitions of unitary.
The �rst de�nition is in terms of a useful geometric property: U is unitary if it

preserves angles between unit vectors. For any two states, there is an angle between
them, which is determined by their inner product, and the property is expressed in
terms of inner products.

De�nition 3.1. A square matrix U is unitary if it preserves inner products. That
is, for all j 1i and j 2i , the inner product betweenU j 1i and U j 2i is the same as
the inner product betweenj 1i and j 2i .

The second de�nition makes it easy to recognize unitary matrices.

De�nition 3.2. A square matrixU is unitary if its columns are orthonormal (which
is equivalent to its rows being orthonormal).

Some well-known examples of 2� 2 unitary matrices are: therotation by angle�

R� =
�
cos(� ) � sin(� )
sin(� ) cos(� )

�
(11)

and the Hadamard transform

H =

"
1p
2

1p
2

1p
2

� 1p
2

#

; (12)

which is not a rotation (but H is a re
ection ). Three further examples are thePauli
matrices3

X =
�
0 1
1 0

�
; Z =

�
1 0
0 � 1

�
; and Y =

�
0 � i
i 0

�
: (13)

The Pauli X is sometimes referred to as abit 
ip (or NOT operation), sinceX j0i = j1i
and X j1i = j0i . Also, Z is sometimes referred to as aphase 
ip.

The third de�nition of unitary, is useful in calculations and is commonly seen in
the literature.

De�nition 3.3. A square matrixU is unitary if U� U = I , whereU� is the conjugate
transpose4 of U (the transpose ofU with all the entries conjugated).

3An older notation for the Pauli matrices, commonly used in physics, is� X , � Y , and � Z .
4An alternative notation for U � , commonly used in physics, isUy.
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It remains to show that the above three de�nitions of unitary are equivalent:

Exercise 3.1 (fairly straightforward) . Show that the above three de�nitions of unitary
are indeed equivalent.

3.3 A closer look at measurements

Now, let's look at measurements again. Let our qubit be in some state� 0 j0i + � 1 j1i =
[ � 0

� 1 ] (where j� 0j2 + j� 1j2 = 1). Then the result of the measurement is the following:

ˆ With probability j� 0j2, the outcome is 0 and the state collapses toj0i .

ˆ With probability j� 1j2, the outcome is 1 and the state collapses toj1i .

Let's look at this geometrically, in �gure 18.

Figure 18: The outcome probabilities of a measurement depend on the projection lengths squared
on the computational basis states.

We have a 2-dimensional space with computational basisj0i and j1i . An arbitrary
state has aprojection on each basis state. What happens in a measurement is that
the state collapses to each basis state with probability equal to the projection-length
squared.

The geometric perspective suggests some potential variations in our de�nition of
a measurement. For example, there's no fundamental reason why the computational
basis states should have special status. We can imagine basing a measurement on
some other orthonormal basis, di�erent from the computational basis. For example,
consider the orthonormal basisj� 0i and j� 1i in �gure 19.
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Figure 19: Measurement with respect to an alternative basis,j� 0i and j� 1i .

Any state has a projection on each basis vector and, although the projection lengths
squared are di�erent for this basis, they still add up to 1. We cande�ne a new
measurement operation that projects the state being measuredj i to each of these
basis vectors with probability the projection lengths squared:

ˆ With probability jh j� 0ij 2, the outcome is 0 and the state collapses toj� 0i .

ˆ With probability jh j� 1ij 2, the outcome is 1 and the state collapses toj� 1i .

One way of thinking about what unitary operations do is that they permit us to
perform measurements with respect to any alternative orthonormal basis. We have
our basic measurement operation (which is with respect to the computational basis).
If we want to perform a measurement with respect to a di�erent orthonormal basis
j� 0i = U j0i and j� 1i = U j1i then we carry out the following procedure:

1. Apply U� to map the alternative basis to the computational basis (j0i and j1i ).

2. Perform a basic measurement (with respect to the computational basis).

3. Apply U to appropriately adjust the collapsed state (to one ofj� 0i and j� 1i ).

So that's a nice way of seeing the role of unitary operations: they change the coordi-
nate system, thereby releasing us from being tied to measuring in the computational
basis.

A �nal comment here is that there are more exotic measurements than this, where
the state is �rst embedded into a larger-dimensional space. Then a unitary operation
and measurement are made in that larger space. We'll be seeing these types of
measurements later on, after we get to systems with multiple qubits (in section 8.4).
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4 Introduction to state distinguishing problems

Now, let's consider a simple problem involving qubits. De�ne theplus state and
minus state as

j+ i = 1p
2

j0i + 1p
2

j1i (14)

j�i = 1p
2

j0i � 1p
2

j1i : (15)

What happens if a qubit in one of these states is measured? Forj+ i , since the square

Figure 20: Geometric depiction of the statesj0i , j1i , j+ i , and j�i .

of 1p
2

is 1
2 , the outcome is 0 with probability 1

2 and 1 with probability 1
2 . For j�i ,

since the square of� 1p
2

is also 1
2 , it's the exactly the same probability distribution.

Now, suppose that we're given a qubit whose state ispromised to be either j+ i or
j�i , but we're not told which one. Is there a process for determining which one it is?

The �rst observation is that just doing a basic measurement (which is in the
computational basis) is useless. For either state, the result will be a random bit, with
probabilities 1

2 and 1
2 . There's no distinction.

But, since we can perform unitary operations, we are not shackled to the compu-
tational basis. We can apply a rotation by angle 45 degrees. This mapsj+ i to j1i and
j�i to j0i . Then we measure in the computational basis, whichperfectly distinguishes
between the two cases.

Here's another, more subtle, state distinguishing problem to consider. Suppose
that we are given either thej0i state or the j+ i state. We're promised that the state
is one of these two, but we're not told which one. Note that the angle between these
states is 45 degrees. Can we distinguish between these two cases?

The problem with distinguishing between thej0i state and the j+ i state is that
they are not orthogonal|so there's no unitary that takes one of them to j0i and the
other to j1i (otherwise De�nition 3.1 would be violated). And, in fact, there is no
perfect distinguishing procedure.
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It turns out that two states can be perfectly distinguished if and only if they are
orthogonal. I'm stating this now without proof, but in [Part 3: Quantum information
theory, section 4.5] we'll see some tools that make it easy to prove this.

But, although we cannot perfectly distinguish between thej0i state and the j+ i
state, we might want a procedure that at least succeeds with high probability. Let's
consider this problem.

First note that there is a very trivial strategy, which is to output a random bit
(without even measuring the state). This succeeds with probability12 . So success
probability 1

2 is a baseline. Can we do better by making some measurement?
What happens if we measure in the computational basis? The sensible thing to

do in that case is to guess \0" if the outcome is 0 and guess \+" if the outcome is 1.
How well does this strategy perform? Its success probability depends on the instance:
it's 1 for the case ofj0i and 1

2 for the case ofj+ i . We'll next discuss two natural
overall measures of success probability.

One measure is theaverage-case success probability, which is respect to some prior
probability distribution on the instances. Suppose that this prior distribution is the
uniform distribution (so the scenario is that I 
ip a fair coin to determine which of the
two states to give you and your job is to perform some sort of measurement on that
state and guess which state I gave you). With respect to this performance measure,
the success probability of the above strategy is12 � 1 + 1

2 � 1
2 = 3

4 . Notice that this is
better than the baseline of12 .

Another overall measures of success probability is theworst-case success probabil-
ity , which is the minimum success probability with respect to all instances. Notice
that the worst-case success probability of the above strategy is1

2 , which is no better
than the trivial strategy.

Another strategy is to rotate by 45 degrees and then measure (and guess \0" if the
outcome is 0 and guess \+" if the outcome is 1). The performance of this strategy
is complementary to the strategy of measuring with respect to the computational
basis: it succeeds with probability1

2 for the case ofj0i and probability 1 for the case
of j+ i . The average-case success probability of this is3

4 and the worse case success
probability is 1

2 .
Can we improve on this?

Exercise 4.1 (fairly straightforward) . Can you think of a simple way of combining
the two strategies above to attain aworst-casesuccess probability of34?

In fact, there is a better strategy than all of the strategies considered so far.
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Exercise 4.2 (highly recommended if you have not seen this before). Find a strat-
egy for distinguishing betweenj0i and j+ i whose worst-case success probability is
cos2(�= 8) = 0:853:::

In the information theory part of the course, we will be able to prove that cos2(�= 8)
is the best worst-case performance possible for distinguishing betweenj0i and j+ i .
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5 On communicating a trit using a qubit

Remember one of the questions posed at the beginning of section 2: How much
information is there in a qubit? On one hand, a qubit can be in a continuum of
explicit states, so the amount of information needed tospecify a quantum state is
huge|or even in�nite, when the precision is perfect. But the measurement operation
is very severe, yielding only a discrete outcome like 0 or 1, so we cannot \read out"
the continuous value.

Let's devise a clear question about storing information that we can analyze. A
qubit can obviously store a bit (representing 0 asj0i and 1 asj1i ), but suppose we
want to use it to store more information than one bit. The smallest upgrade we could
ask for is to store atrit , which is an element off 0; 1; 2g. Can a qubit store a trit?

To make the scenario clear, suppose there are two parties, A and B, that we'll
personify and refer to as Alice and Bob.

Figure 21: Scenario for Alice conveying a trit to Bob by sending a qubit.

Alice receives a trit a 2 f 0; 1; 2g as input and the goal is to convey this information
to Bob. Assume Alice is only allowed to send one qubit to Bob, from which he should
extract the value of the trit a. Can this be done?

To begin with, note that if Alice can only send Bob a classical bit then this is not
su�cient; please take a moment to convince yourself of this.

But can sending aqubit outperform sending a bit? One idea is for Alice to encode
the trit as one of the so-calledtrine states. These are three amplitude vectors in two
dimensions with an equal angle of 120 degrees (2�

3 radians) between them:

j� 0i = j0i (16)

j� 1i = � 1
2 j0i +

p
3

2 j1i (17)

j� 2i = � 1
2 j0i �

p
3

2 j1i : (18)
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Figure 22: The three trine states.

This is as close to orthogonal as you can get when three vectors are constrained to
two dimensions. So suppose that Alice sends Bob the trine state corresponding to
her trit. Can Bob extract the trit from this state it by some measurement process?
Please feel free to pause to think about this ...

OK, since the three trine states are not orthogonal there's no way to perfectly
distinguish between them. For example, there isn't even a way to distinguish between
the �rst two trine states (so Bob can't even perfectly distinguish between the trit being
0 or 1 using this kind of strategy).

Of course there are other strategies that are not based on the trine states. Let's
consider the broadest question here: Is thereany advantage to sending a qubit over
a bit for this communication problem?

Recall that in section 4 we discussedaverage-caseand worst-casesuccess proba-
bilities for the problem of distinguishing betweenj0i and j+ i . We'll look at commu-
nication strategies from these two perspectives|and the results will be di�erent.

5.1 Average-case success probability

Here, the underlying assumption is that there is some known probability distribution
from which Alice's input trit arises. For example, it could be the uniform distribu-
tion, where each trit value arises with probability 1

3 . Then the average-case success
probability of any strategy of Alice and Bob is the weighted average of the three
success probabilities.

As a warm-up, let's consider this simpleclassical bit strategy.

Figure 23: A classical bit strategy for Alice conveying a trit to Bob.
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Alice receives her trit and she encodes 0 as 0, 1 as 1, and 2 also as 1. Then Bob
decodes to 0 to 0 and 1 to 1. This obviously succeeds for inputs 0 and 1, but fails
miserably for input 2. If the input is a uniformly distributed trit (with probabilities 1

3 ,
1
3 , and 1

3) then the probability of success is2
3 , which turns out to be the best possible

when Alice sends Bob a classical bit.
There's a very famous theorem in quantum information theory, called Holevo's

Theorem|which actually dates back to 1973! I'm not going to state the theorem here,
but very roughly speaking it says that \classical information cannot be compressed
by encoding into quantum information". In our scenario: \in the average-case success
probability model, a qubit cannot communicate any more than a bit can."

There's a simpli�ed version of the statement, due to Ashwin Nayak|it's simpler
to state and simpler to prove (though I will not give a technically precise statement of
the result here). I will just state that, for our problem, it implies that the best average-
case success probability of aqubit strategy is 2

3 . Thus, sending a qubit performs no
better than a bit, which can also attain average-case success probability2

3 .
Moreover, if there were di�erent probabilities associated with 0, 1, and 2 then the

conclusion would be similar: there is an optimalbit strategy, obtaining the maximum
possible average-case success probability, and aqubit strategy cannot do any better.
As long as the probability distribution of the inputs is known, the bottom line is that
a qubit cannot outperform a bit in average-case success probability.

So it might appear that the matter is settled: a qubit cannot contain any more
information than a bit. But, it's not quite as simple as that. All the discussion so far
has been for average-case success probability. Something surprising happens when we
consider worst-case success probability.

5.2 Worst-case success probability

For any given strategy, this is de�ned as smallest success probability for all inputs
(instead of the average of the success probabilities). This framework makes sense
if Alice and Bob have no idea what distribution Alice's input trit will arise from.
Whatever strategy they come up with, the trit could be the case where their strategy
performs the worst.

Consider the classical bit strategy that we saw in �gure 23, whose average-case
success probability is2

3 . What's its worst-case success probability? For the worst-case
instance, the success probability is zero! If the trit is 2 then Bob produces the wrong
value for sure!

32



But the worst-case success probability can be improved to12 as follows.

Figure 24: Another classical bit strategy for Alice conveying a trit to Bob.

Bob decodes a 1randomly to either 1 or 2. Notice that this bit strategy has worst-case
success probability1

2 .
Success probability1

2 may seem like pretty weak performance. But if there were
no communication from Alice to Bob then the best success probability for Bob would
be 1

3 . So the bit strategy is achieving something: it increases Bob's success probability
from 1

3 to 1
2 .

As I was preparing this part of the course, I wondered what theoptimal worst-
case success probability is for a classical bit strategy. I couldn't think of any better
strategy than the one given here; on the other hand, I also couldn't prove that12 is
the best possible.

By the way, the model that I'm considering is localized randomness. Alice can
probabilistically map her trit to a bit, and then, when Bob receives the bit at his end,
he can also probabilistically generate a trit from it. So Alice and Bob can both employ
randomness in their strategy.But in my model I'm assuming that they have separate
sources of randomness and thattheir random choices are stochastically independent.
Their randomness is uncorrelated.

Well, I eventually �gured it out, and it was easier than I �rst thought. I also
thought about the optimal worst-case success probability ofqubit strategies. What's
remarkable is that the worst-case success probability can be higher for a qubit strategy
than possible with a bit strategy! The advantage is not enormous, but this shows
that there is a sense in which a qubit can store more information than a bit. We have
a scenario where a single qubit can achieve something that a single bit cannot.

OK, so what are the speci�c maximum success probabilities for bit strategies and
for qubit strategies, and how are they obtained? I'd likeyou to think about this, and
I'm posing these as challenge questions for you.

Exercise 5.1 (challenging). What's the maximum success probability of a classical
bit strategy? (Alice and Bob can both act randomly, but their randomness must be
uncorrelated.)
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Exercise 5.2 (challenging). What's the maximum success probability of a qubit strat-
egy? (Bob is allowed to measure in a higher dimensional space.)

Remember that, for bit strategies, we're allowing random behavior for Alice and for
Bob, but their random sources must be uncorrelated. Also, for the case of qubit
strategies, there is some subtlety to this question. If you tackle exercise 5.2, you
should consider the exotic measurements that I only mentioned in passing (they are
explained in section 8.4). Bob can add a second qubit in statej0i to the qubit he
receives from Alice and then perform a two-qubit unitary operation, and then measure
the two qubit system. In the next section, we consider systems with multiple qubits.
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6 Systems with multiple bits and multiple qubits

Up until now, we have considered systems of a single bit and a single qubit. Let's
consider the case of multiple bits and qubits.

6.1 De�nitions of n-bit systems and n-qubit systems

Our de�nitions for bits and qubits extend naturally to n-bit systems andn-qubit
systems, by taking 2n -dimensional vectors instead of 2-dimensional vectors.

For n classical bits, there are 2n possible values, and a probabilistic state has a
probability px associated with everyn-bit string x 2 f 0; 1gn . Of course, since these
are probabilities, we have: for allx 2 f 0; 1gn , px � 0 and

P
x2f 0;1gn px = 1. These

probabilities constitute a 2n -dimensional probability vector.
For n quantum bits, there are 2n amplitudes: � x 2 C, for each x 2 f 0; 1gn

(where
P

x2f 0;1gn j� x j2 = 1). These amplitudes constitute a 2n -dimensional state
vector (which is a unit vector).

Note that, although the focus of attention in quantum information processing
is usually onn-qubit systems, it's completely valid to consider systems whose states
have dimensions other than powers of 2. For example, aquantum trit (qutrit ) has a 3-
dimensional state vector of the form� 0j0i + � 1j1i + � 2j2i (with j� 0j2+ j� 1j2+ j� 2j2 = 1).

The set of all probability vectors is asimplex, which is illustrated for the case of
three dimensions as a triangular region.

Figure 25: Simplex of all possible 3-dimensional classical (probabilistic) states.

The set of all valid quantum state vectors is ahypersphere, which is all points of
distance 1 from the origin.
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Figure 26: Hypersphere of all possible 3-dimensional quantum states.

There are 2n (orthonormal) computational basis states, denoted asn-bit strings
within kets. For n = 3, these states are

j000i ; j001i ; j010i ; j011i ; j100i ; j101i ; j110i ; j111i : (19)

Note that we can write an n-qubit state vector as a linear combination of the 2n

computational basis states, as
X

x2f 0;1gn

� x jxi ; (20)

where
X

x2f 0;1gn

j� x j2 = 1: (21)

As with single qubits, what's important is the operations that can be performed
on them. We'll consider unitary operations and measurements.

Unitary operations are 2n � 2n unitary matrices, acting on the 2n -dimensional
state vectors (unitary matrices were de�ned in section 3.2).

Measurements have 2n outcomes, corresponding to the 2n computational basis
states. Each basis state outcome occurs with probability the absolute squared of its
amplitude. Thus, when a measurement is applied to the state

X

x2f 0;1gn

� x jxi ; (22)

what happens is: anoutcomex 2 f 0; 1gn occurs with probability j� x j2 and the state
of the system changes to the computational basis statejxi .

So far, everything is the same as for bits and qubits, except with 2n dimensions
instead of two dimensions. But there's more to it than that. There is structure among
subsystems.

36



6.2 Subsystems of n-bit systems

First, let's consider how subsystems work for the case of a classicaln-bit system. It
can be viewed as one system (shown here as a rather bloated USB memory stick)

Figure 27: An n-bit system can be viewed asn separate 1-bit systems.

whose state can be described as a 2n -dimensional probability vector. But we can also
view the n-bit system asn separate 1-bit systems. Let's explore that.

We can consider the state of every subset of then bits. We have a probability
vector for the entire system. For three bits it would be this 8-dimensional vector

2

6
6
6
6
6
6
6
6
6
6
6
6
4

p000

p001

p010

p011

p100

p101

p110

p111

3

7
7
7
7
7
7
7
7
7
7
7
7
5

: (23)

What's the state of the �rst bit? The probability that the �rst bit is 0 is the sum
of the �rst four probabilities (all cases where the �rst bit is 0), and the probability
that it's 1 is the sum of the last four probabilities. In this manner, we can deduce
the probability vector for the �rst bit to be

�
p000 + p001 + p010 + p011

p100 + p101 + p110 + p111

�
: (24)

By similar reasoning, we can deduce the probability vector for any other subset of the
bits. In the language of probability theory, these are calledmarginal distributions.
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Also, an operation can act on a subset of the bits. For example, if there are three
bits, it makes sense to apply an operationto the �rst bit . For example, think of how
applying a NOT operation to the �rst bit a�ects the 8-dimensional probability vector
in Eq. (23). It permutes the probabilities, resulting in the vector

2

6
6
6
6
6
6
6
6
6
6
6
6
4

p100

p101

p110

p111

p000

p001

p010

p011

3

7
7
7
7
7
7
7
7
7
7
7
7
5

: (25)

It should be clear that, to apply aNOT operation to the �rst bit, one only needs to
be in possession of the �rst bit. This operation is local to the �rst bit.

And operations can be similarlylocal to various other subsets of the bits.Data
ow
diagrams are a useful way of illustrating localizations of operations, and their evolu-
tion in time. Figure 28 is an example of a data
ow diagram.

Figure 28: A data
ow diagram of a 3-bit system. First, operation S is applied to the �rst bit. Then
operation T is applied jointly to the second and third bits. Finally, operation U is applied to the
�rst and second bits.

6.3 Subsystems of n-qubit systems

Now we consider subsystems in the context of ann-qubit system. An n-qubit system
can be viewed as one system (shown in Figure 29 as a bloated quantum USB memory).
But it can also be viewed asn separate 1-qubit systems.
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Figure 29: An n-qubit system can be viewed asn separate 1-qubit systems.

Can we consider the state of every subset of then qubits? Consider a 3-qubit system
with 8-dimensional state vector

2

6
6
6
6
6
6
6
6
6
6
6
6
4

� 000

� 001

� 010

� 011

� 100

� 101

� 110

� 111

3

7
7
7
7
7
7
7
7
7
7
7
7
5

: (26)

What's the state of the �rst qubit? Na•�vely, we could try summing the �rst four and
the last four amplitudes, as we did for probabilities. But that doesn't work. In fact,
for the state vector

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

1p
8

� 1p
8

1p
8

� 1p
8

1p
8

� 1p
8

1p
8

� 1p
8

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

(27)

this would result in
�
0
0

�
; (28)
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and having both amplitudes be zero makes no sense as a one-qubit state vector! Can
we do something else instead?

It turns out that the states of subsystems of quantum systems are a bit tricky.
We will be able to better address this matter later on in the course when we consider
mixed statesin Part III (Quantum information theory) of the lecture notes. For now,
it su�ces to be aware that: in some cases, there does not exist a state vector for a
subsystem. In this sense, the larger system must be considered for a quantum state
to make sense.

Now, let's consider applying operations to subsets of the qubits. If there are three
qubits, does it make sense for a unitary operation to be local to the �rst qubit? The
fact that the �rst qubit might not even have have a state vector suggests that this is
not an entirely trivial matter. But it turns out that there is a fairly straightforward
way to make sense of operations that are local to a subset of the qubits|and we'll
see how to do this shortly (in section 6.6).

For example, if Alice possesses the �rst qubit and Bob the last two qubits then
Alice can perform an operation on her qubit, without touching Bob's qubits. And
operations can be similarlylocalizedto various other subsets of the qubits.Quantum
data
ow diagrams are a useful way of illustrating localizations of operations, and
their evolution in time. They are commonly calledquantum circuits.

Figure 30: A quantum circuit of a 3-qubit system. First, unitary operation U is applied to the �rst
qubit. Then unitary operation V is appied jointly to the second and third qubit. Finally, unitary
operation W is applied jointly to the �rst and second qubits.

There are two ways of viewing a quantum circuit:

ˆ One way is that the lines are wires and the qubits 
ow along the wires from left
to right, and are transformed when the qubits pass through the boxes, which
are calledgates.
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ˆ Another way of viewing a quantum circuit is that the qubits stay put and the
horizontal axis only represents time.

Quantum circuits are a very useful way of representing quantum information pro-
cesses, and you'll be seeing a lot of them.

6.4 Product states

Let's return to the issue of quantum states of subsystems. Remember that multi-qubit
state vectors do not always have meaningful state vectors for their subsystems.

However, we can build some quantum state \bottom-up", by starting with the
states of the subsystems. For example, consider two qubits in these speci�c states,

Figure 31: Two separate qubit state vectors can be translated into a 2-qubit state vector.

with amplitudes � 0 and � 1 for the �rst qubit, and � 0 and � 1 for the second qubit. We
can choose to consider these two qubits as two separate systems, or as one 2-qubit
system, whose state is a 4-dimensional vector. What is the four-dimensional vector?
It's de�ned to be the tensor product 
 of the two 2-dimensional vectors. An intuitive
way of thinking about this tensor product is to \expand the product" of the two
superpositions, which is

(� 0 j0i + � 1 j1i ) 
 (� 0 j0i + � 1 j1i ) = � 0� 0 j00i + � 0� 1 j01i + � 1� 0 j10i + � 1� 1 j11i :
(29)

This de�nition of the tensor product is equivalent to

�
� 0

� 1

�



�
� 0

� 1

�
=

2

6
6
6
4

� 0� 0

� 0� 1

� 1� 0

� 1� 1

3

7
7
7
5

: (30)

Note that this is similar to the way that probability distributions of independent
systems are combined to yield product distributions.

We now de�ne thetensor productfor arbitrary matrices (where the case of column
vectors occurs as a special case).
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De�nition 6.1. Let A and B ben � m and k � ` matrices (respectively):

A =

2

6
6
6
4

A11 A12 � � � A1m

A21 A22 � � � A2m
...

...
. . .

...
An1 An2 � � � Anm

3

7
7
7
5

B =

2

6
6
6
4

B11 B12 � � � B1`

B21 B22 � � � B2`
...

...
. . .

...
Bk1 Bn2 � � � Bk`

3

7
7
7
5

: (31)

The tensor product of A and B (also called theKronecker product) is de�ned as

A 
 B =

2

6
6
6
4

A11B A 12B � � � A1mB
A21B A 22B � � � A2mB

...
...

. . .
...

An1B A n2B � � � Anm B

3

7
7
7
5

; (32)

where eachA ij B denotes ak � ` block consisting of all entries ofB multiplied by A ij .
Note that A 
 B is a km � `n matrix.

De�nition 6.2. If one system is in statej i and another system is in statej� i , then
the state of the joint system is theproduct state j� i 
 j  i .

Now a few words about notation for product states. Frequentlyj� i 
 j  i is
abbreviated to j� i j  i . Also, for computational basis states,jai and jbi (where a 2
f 0; 1gn and b2 f 0; 1gm ), we have these equivalent notations:jai 
 j bi = jai j bi = jabi .
For example,j0i 
 j 0i 
 j 1i = j0i j 0i j 1i = j001i .

Exercise 6.1 (straightforward, but one case is a trick question). In each case, express
the 2-qubit state as a product of two 1-qubit states:

1
2 j00i + 1

2 j01i + 1
2 j10i + 1

2 j11i (33)

1
2 j00i � 1

2 j01i � 1
2 j10i + 1

2 j11i (34)

1
4 j00i +

p
3

4 j01i +
p

3
4 j10i + 3

4 j11i (35)

1p
2

j00i + 1p
2

j11i : (36)

The �rst three cases are straightforward. If you tried to work out the third case, you
probably realized that there is no solution! The last state cannot be expressed as a
tensor product. It is one of those states (mentioned in section 6.3) whose individual
qubits do not have state vectors.
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Exercise 6.2 (fairly straightforward) . Prove that the state vector 1p
2

j00i + 1p
2

j11i
cannot be written as the tensor product of two one qubit state vectors.

The state 1p
2

j00i + 1p
2

j11i is an example of anentangledstate. We'll see that two
qubits in such a state can behave in interesting ways. It's especially interesting when
the two qubits are physically in separate locations, say one is in Alice's lab and one
is in Bob's lab.

6.5 Aside: global phases

Now is a good time to discuss the matter ofglobal phases. You may have noticed
that factorizations of 2-qubit states into products of 1-qubit states is not unique. For
example,

1
2 j00i + 1

2 j01i + 1
2 j10i + 1

2 j11i =
�

1p
2

j0i + 1p
2

j1i
�



�

1p
2

j0i + 1p
2

j1i
�

(37)

=
�
� 1p

2
j0i � 1p

2
j1i

�



�
� 1p

2
j0i � 1p

2
j1i

�
: (38)

So what's the di�erence between the state1p
2

j0i + 1p
2

j1i and � 1p
2

j0i � 1p
2

j1i ? As
vectors they are not orthogonal, but they are certainly di�erent. The angle between
them is 180 degrees.

Can we distinguish between them? Suppose you're given a qubit in one of these
states but not told which one. Is there some measurement procedure for determining
which one it is? Of course, you could always apply the trivial state distinguishing
procedure (from section 4) that ignores the qubit and make a random guess. This
succeeds with probability1

2 . Can you apply some measurement procedure that enables
you to do any better than that?

The answer is no. For any measurement (in any basis), the outcome probabilities
will be identical for both states. Since there's no way of distinguishing between the
states, we regard them as equivalent.

Based on this, we de�ne an equivalence relation on state vectors.

De�nition 6.3. Two state vectorsj i and j� i are deemedequivalent if j i = ei� j� i
for some� 2 [0; 2� ].

The factor ei� j� i is called aglobal phase(\global" because it's applied to all of
the terms of the superposition).

Here's an exercise, if you'd like to get used to this concept.
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Exercise 6.3. Partition the following into sets of equivalent states:

� 1p
2

j0i + 1p
2

j1i 1p
2

j0i � 1p
2

j1i 1p
2

j0i + ip
2

j1i

ip
2

j0i + 1p
2

j1i � 1p
2

j0i + ip
2

j1i 1p
2

j0i � ip
2

j1i

6.6 Local unitary operations

Now, let's consider the matter of the scope of unitary operations. Suppose that there
are two qubits and we want to apply a 1-qubit unitary operation

U =
�
u00 u01

u10 u11

�
(39)

to the second qubit (and do nothing to the �rst qubit), as illustrated in �gure 32.

Figure 32: Circuit diagram of a 1-qubit unitary U acting on the second qubit of a 2-qubit system.

What is the 4 � 4 unitary matrix acting on the 2-qubit system that expresses this?
If the individual qubits happen to be in computational basis states then it's rea-

sonable that the �rst state does not change and the second state is acted on byU, so
the 4 � 4 unitary must have the property that

j0i j 0i 7! j 0i U j0i (40)

j0i j 1i 7! j 0i U j1i (41)

j1i j 0i 7! j 1i U j0i (42)

j1i j 1i 7! j 1i U j1i : (43)

Now, if we have a 4� 4 unitary matrix with this e�ect on the basis states then, by
linearity, it must be

2

6
6
6
4

u00 u01 0 0
u10 u11 0 0
0 0 u00 u01

0 0 u10 u11

3

7
7
7
5

: (44)
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This is what we will take as thede�nition of doing nothing to the �rst qubit and
applying U to the second qubit.

Notice that, by this de�nition, it makes perfect sense to applyU to the second
qubit of any 2-qubit system, even one in an entangled state like

1p
2

j00i + 1p
2

j11i ; (45)

where the second qubit of the state does not even have a state vector! Whatever
the 2-qubit state is, it's a 4-dimensional vector, and it makes sense to multiply that
vector by the matrix in Eq. (44).

Interestingly, the matrix in Eq. (44) can be expressed succinctly as

�
1 0
0 1

�



�
u00 u01

u10 u11

�
= I 
 U; (46)

where the operation
 (the tensor product) is de�ned in De�nition 6.1. Here's a
question to consider:

Exercise 6.4 (straightforward). What is the 4� 4 unitary corresponding to applying
U to the �rst qubit and doing nothing to thesecondqubit?

We've discussed 1-qubit unitary operations in 2-qubit systems. Clearly, this gen-
eralizes naturally to more qubits. For example, when there aren + m qubits and U

Figure 33: Circuit for U applied to the last m qubits of an (n + m)-qubit system.

is applied to the last m qubits, think about what the resulting 2n+ m � 2n+ m matrix
should be.

The resulting 2n+ m � 2n+ m unitary matrix is I 
 U, whereI is the 2n � 2n identity
matrix. Also, if a unitary V is applied to the �rst n qubits, this is expressed asV 
 I ,
whereI is the 2m � 2m identity matrix.

Furthermore, wheneverU and V act on separate qubits (as in �gure 34), it's
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Figure 34: Example of two local unitaries acting on separate qubits. They commute.

natural to expect the two operations to commute. That is, their net e�ect is the
same regardless of which one applied �rst. It's not too hard to prove this, and I
suggest it as an exercise.

Exercise 6.5 (straightforward). Prove that the two circuits in �gure 34 are equiva-
lent.

To prove it, it's useful to use the following lemma about the tensor product.

Lemma 6.1. Let A be is ann1 � m1 matrix and C be an m1 � k1 matrix (so the
matrix product AC makes sense). LetB be ann2 � m2 matrix and D be anm2 � k2

matrix (so the matrix product BD makes sense). Then

�
A 
 B

��
C 
 D

�
=

�
AC

�



�
BD

�
: (47)

A �nal comment: if U and V overlap then, in general, the operations willnot
commute.

6.7 Controlled- U gates

Now, I'd like to show you something called acontrolled-U gate, whereU can be any
unitary operation.

For example, consider the case whereU is a 1-qubit unitary operation

U =
�
u00 u01

u10 u11

�
(48)

The notation for the controlled-U gate in circuit diagrams is the following.
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Figure 35: Notation for controlled-U gate.

whereU drawn as \acting" on a target qubit and with a \wire" from a control qubit
to U.

If the control qubit is in state j0i then nothing happens. And, if the control qubit
is in state j1i then U gets applied to the target qubit. This gate has the following
e�ect on the four computational basis states:

j0i j 0i 7! j 0i j 0i (49)

j0i j 1i 7! j 0i j 1i (50)

j1i j 0i 7! j 1i U j0i (51)

j1i j 1i 7! j 1i U j1i : (52)

By linearity, we can deduce from this that the 4� 4 matrix of this controlled-U gate
is the matrix

2

6
6
6
4

1 0 0 0
0 1 0 0
0 0 u00 u01

0 0 u10 u11

3

7
7
7
5

: (53)

Eq. (53) is the de�nition of the controlled-U gate acting on two qubits.
Notice that the matrix in Eq. (53) is like the matrix in Eq. (44) for applying U to

the second qubit, except that the �rst block isI rather than U. Although it might be
tempting to think of a controlled-U gate as \doing less" than the operation of applying
U to the second qubit (as in �gure 32), this way of thinking is misleading. Note that,
when the control qubit is not in a computational basis state, the description

(
apply I if the control qubit is in state j0i

apply U if the control qubit is in state j1i
(54)

does not apply.
Here's a question to consider:
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Exercise 6.6 (worth thinking about) . Does there exist a controlled-U gate that
changes the state of itscontrol qubit? To make \the state of the control qubit" clear,
assume that the input state and output state must be product states. What does your
intuition say?

The above de�nition of a controlled-U gate assumes an orientation: the �rst qubit
is the control qubit and the second qubit is the target qubit. There is natural corre-
sponding de�nition for the case where the orientation is inverted (where second qubit
is the control qubit and the �rst qubit is the target qubit).

Exercise 6.7. Consider an inverted control-U gate, where the second qubit is the
control and the �rst qubit is the target. Based on the above explanations, how should
the 4 � 4 matrix be de�ned for this (analogous to Eq.(53))?

Finally, a controlled-U gate can be de�ned for anyn-qubit unitary U. The
controlled-U gate is an (n + 1)-qubit gate, where the additional qubit is the con-
trol qubit.

Figure 36: Notation for a controlled-U gate for an n-qubit U.

If the control qubit is the �rst qubit then the controlled- U gate is de�ned as the
2n+1 � 2n+1 matrix

�
I 0
0 U

�
; (55)

whereI and U are both 2n � 2n blocks.

6.8 Controlled- NOT gate (a.k.a. CNOT )

Here we consider the controlled-U gate, where

U = X = NOT =
�

0 1
1 0

�
: (56)
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This 2-qubit gate is commonly referred to as the controlled-NOT (and CNOT) gate.
It has interesting properties and occurs very frequently in the theory of quantum
information processing. There is special notation for this gate, shown in �gure 37.

Figure 37: Controlled-NOT gate (two di�erent notations).

To understand where the notation comes from, consider what happens when
the inputs are computational basis states. Let the inputs bejai and jbi , where
a; b2 f 0; 1g. For these input states, the output states arejai and ja � bi . The sym-

Figure 38: Action of CNOT gate on the computational basis states (a; b2 f 0; 1g).

bol � is the binary exclusive-OR operation (a.k.a. XOR). If you haven't seen the�
operation before, here's a table of its values, and a comparison with values of_ (the
standard OR).

XOR OR

ab a � b a _ b
00 0 0
01 1 1
10 1 1
11 0 1

The value of a � b is 1 and only if one of the two input bits are 1,but not both;
whereas,a _ b is 1 also in the case where botha and b are 1. Another, altogether
di�erent way of thinking about the � operation is that it is the sum of the two bits in
modulo 2 arithmetic. The way that the symbol� is embedded into the gate symbol
in �gure 38 is suggestive of what it does.
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The above discussion of theCNOT gate is for computational basis states. The
de�nition of the CNOT gates is given by the 4� 4 unitary matrix in Eq. (53)

CNOT =

2

6
6
6
4

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

3

7
7
7
5

: (57)

This operation can be applied toany 2-qubit state|independent of any intuitive
picture that's based on the very special case of computational basis states.

Remember, in Exercise 6.6, I asked a question about whether there is a controlled-
U gate that can change the state of its control qubit? What did you decide?

Feel free to think more about this before looking at the next page ...
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The answer might surprise you: for some input states to theCNOT gate, the
control qubit actually changes! Recall the states

j+ i = 1p
2

j0i + 1p
2

j1i (58)

j�i = 1p
2

j0i � 1p
2

j1i : (59)

(�rst de�ned in section 4). Suppose the control qubit is set toj+ i and the target qubit
is set to j�i and then the CNOT gate is applied. It can be veri�ed by a calculation
that the output qubits are both in state j�i . So, for this input, the control qubit

Figure 39: Example whereCNOT gate modi�es the state of the control qubit.

changes state, fromj+ i to j�i . And recall that, as we saw in section 4,j+ i and j�i
are certainly di�erent states|they're orthogonal and perfectly distinguishable.

Exercise 6.8 (straightforward). Verify that CNOT
�
j+ i 
 j�i

�
= j�i 
 j�i .

The CNOT gate has several other interesting properties. One other property
concerns the simulation ofother controlled-U gates, for di�erent unitary operations
U, other than the X gate. Suppose that we have the capability of performingCNOT
gates plus all one-qubit unitary operations|and that's all. Then, can we construct
circuits with these gates that implement other controlled-U gates? Let's start by
considering the the controlled-R� , whereR� is the rotation by angle �

R� =
�
cos(� ) � sin(� )
sin(� ) cos(� )

�
: (60)

How do we approach this? Well, we can guess a few simple forms that the circuit
might take. Consider a quantum circuit of this form.

Figure 40: Simulating a controlled-U gate from CNOT gates and one-qubit gates.
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Do there exist 1-qubit unitariesV andW such that this circuit simulates the controlled-
R� ? The answer is yes, and I leave this as an exercise.

Exercise 6.9 (fairly straightforward) . Find 1-qubit unitary operationsU and V such
that the circuit on the left side of �gure 40 performs the same unitary operation as the
controlled-R� . (Hint: consider setting V and W to rotation matrices, with carefully
chosen angles.)

Exercise 6.9 is a good starting point towards this more challenging problem:

Exercise 6.10 (challenging). Show how to simulate a controlled-U operation for any
1-qubit unitary U by a circuit consisting of onlyCNOT and 1-qubit gates. Note that
the form of the simulating circuit need not be the same as the left side of �gure 40.
(Hint: begin by considering the case whereU has determinant 1.)

52



7 Superdense coding

This section is about an interesting communication feat that is possible with qubits
called superdense coding. What makes superdense coding interesting is not that it is
powerful (the feat of communicating two bits is not very exciting); rather, superdense
coding shows a sesnse in which quantum information is fundamentally di�erent from
classical information.

7.1 Prelude to superdense coding

Suppose that Alice wants to convey two classical bits to Bob by sending only one
classical bit.

Figure 41: Scenario for Alice conveying two bitsab to Bob by sending just one bit (the best strategy
succeeds with probability 1

2 ).

The precise scenario is that Alice receives her two bits,a; b 2 f 0; 1g as input and
then she somehow creates a 1-bit message to send to Bob, who is somehow supposed
to determine both a and b from the bit that he receives from Alice. It should be
clear that this is impossible to accomplish perfectly. The highest success probability
possible is1

2 , and this is obtained by the simple strategy where Alice just sendsa to
Bob and then Bob outputsa and randomly guesses the value ofb. This strategy has
success probability1

2 in the average-case as well as in the worst-case.
What if Alice can send aqubit to Bob?

Figure 42: Scenario where Alice can send a qubit (the best success probability is12 ).

It turns out that this does not help: the best success probability is still12 . We don't
prove this here (it's a consequence of a result of Nayak).

Now, let's add a twist. What if we allow Bob to send a bit to Alice before Alice
sends her bit to him?

53



Figure 43: Scenario where Bob can send a bit to Alice and then Alice can send a bit to Bob (the
best possible success probability is12 ).

To be clear, the scenario (depicted in �gure 43) is the following:

1. Alice receives her two bits,a; b2 f 0; 1g as input.

2. Bob sends a bit to Alice.

3. Alice sends a bit to Bob.

4. Then Bob outputs two bits (and this issuccessfulif his output bits are ab).

That extra bit of communication from Bob to Alice does not help. The best possible
success probability is still12 . Intuitively, this is because the 
ow of information is in
the wrong direction. How does Bob sending a bit to Alice providehim with any more
information? To be sure that there isn't some subtle way that Bob's message helps,
we would need to think about this carefully. But let's just accept, without proof, that
the best possible success probability is12 .

In fact, if Bob sends a bit the wrong way and then Alice sends aqubit to Bob,
even that does not help: the best possible success probability isstill 1

2 .

Figure 44: Scenario where Bob can send a bit to Alice and then Alice can send a qubit to Bob (the
best possible success probability is12 ).

These examples seem to indicate thatmessages sent in the wrong direction are
of no use. We will see that superdense coding violates this intuition. In superdense
coding, Bob �rst sends aqubit to Alice and then Alice sends aqubit to Bob|and
Bob's message actually makes a di�erence: the protocol always succeeds!
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Figure 45: Scenario where Bob can send a qubit to Alice and then Alice can send a qubit to Bob
(the superdense codingprotocol always succeeds at this).

The scenario is that:

1. Alice receives her two bits,a; b2 f 0; 1g as input.

2. Bob sends a qubit to Alice.

3. Alice sends a qubit to Bob.

4. Then Bob outputs two bits (and this issuccessfulif his output bits are ab).

We'll see a communication protocol of this form where Bob always outoutsab cor-
rectly. Sending abit in the wrong direction does not help but, somehow, sending a
qubit in the wrong direction does help!

7.2 How superdense coding works

Let's begin with a description of the protocol for superdense coding. It is the following
three steps.

1. Bob creates the entangled two-qubit state

1p
2

j00i + 1p
2

j11i (61)

then he sends the �rst qubit to Alice (and he keeps the second qubit). So, at
this point, Alice and Bob each possess one qubit of this 2-qubit state.

2. Alice has her two input bitsa and b and the qubit that she received from Bob.
She performs the following procedure:

2.1 If a = 1 apply X to the qubit (where X = [ 0 1
1 0 ]).

2.2 If b= 1 apply Z to the qubit (where Z = [ 1 0
0 � 1 ]).

In summary, Alice appliesZ bX a to the qubit in her possession. Then she sends
her qubit to Bob.

3. At this point Bob is in possession of both qubits again. He applies this circuit
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Figure 46

to the two qubits and measures in the computational basis. The outcome of the
measurement is two bits, which is Bob's output.

Now, let's analyze how this protocol works. In step 2, Alice's operations on the �rst
qubit changes the 2-qubit state in the following way:

8
>>>>><

>>>>>:

1p
2

j00i + 1p
2

j11i if ab= 00
1p
2

j00i � 1p
2

j11i if ab= 01
1p
2

j01i + 1p
2

j10i if ab= 10
1p
2

j01i � 1p
2

j10i if ab= 11.

(62)

There's something interesting about these four states: they are orthogonal to each
other! They are an orthonormal basis for the 4-dimensional state space associated
with two qubits. This is called the Bell basis(named after John Bell).

What Bob does in step 3 is measure the two qubitsin the Bell basis. This is
accomplished by Bob �rst applying the unitary operation speci�ed by the circuit in
�gure 46 and then measuring in the computational basis. The e�ect of the unitary
operation on the four Bell states is shown in the following table (where we are omitting
the 1p

2
factors to reduce clutter; more about this in section 7.3).

input output
j00i + j11i j00i

j00i � j 11i j01i

j01i + j10i j10i

j01i � j 10i � j 11i

Therefore, when Bob measures in the computational basis, he recovers the bitsab, as
required.

So that's how superdense coding works. It makes use of an interesting property
of the Bell basis, where, in step 2, Alice applies an operation to just one of the two
qubits (the one in her possession) but by doing so she manages to change the state to
any of the four Bell basis states. That step wouldn't work if the computational basis
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were used: Alice could then manipulate the state of the �rst qubit but she couldn't
do anything to the second qubit, which is in Bob's possession. And there is no way
to do this using classical bits.

7.3 Normalization convention for quantum state vectors

Formally, we use the followingnormalization convention, where any unnormalized
state is understood to be divided by its norm.

De�nition 7.1. Any non-zero vector of the form� 0 j0i + � 1 j1i denotes the normalized
state

� 0p
j� 0j2 + j� 1j2

j0i +
� 1p

j� 0j2 + j� 1j2
j1i : (63)
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8 Incomplete and local measurements

So far, our notion of measurement has been with respect to some orthonormal basis,
and where one of the e�ects of the measurement is that state collapses. Here we
broaden our notion of measurement to include types of measurement that yieldless
information than this, while being less destructive to the state being measured. An
example of this is alocal measurement, that measures a subset of a set of qubits.

8.1 Incomplete measurements

First, I'd like to show you a more general notion of measurement than anything we've
discussed so far, which we call anincomplete measurement. We need at least three
dimensional quantum state vectors to show this kind of measurement.

We'll soon be talking about 2-qubit systems, whose state vectors are 4-dimensional.
But let's start with 3-dimensional quantum systems, where the space of states is easier
to visualize. Recall that, for a quantum trit (or qutrit ) there are three computational
basis states, calledj0i , j1i , and j2i .

The measurement that we have seen so far does the following: it projects the state
to one of the computational basis states, where the probability of projecting to each
such basis state is the projection length squared. The outcome of the measurement
consists of two parts:

ˆ Classical information indicating which basis state occurred|for qutrits, that's
0, 1, or 2|which we can imagine is what we see on the screen.

ˆ And there is also a residual (or collapsed) quantum state, which would bej0i ,
j1i , or j2i .

An equivalent way of viewing this is that there are three orthogonal one-dimensional
subspaces (the span ofj0i , the span of j1i , and the span ofj2i ), and the state has
a projection onto each subspace, and the square of the length of that projection
determines the probability of that outcome. Anincomplete measurementis like this,
except that the orthogonal subspaces need not be one-dimensional. For example, for
qutrits, consider these two subspaces (illustrated on the right side of �gure 47):

ˆ The horizontal plane spanned byj0i and j1i , which is two-dimensional.

ˆ The vertical line spanned byj2i , which is one-dimensional.

These two subspaces are orthogonal to each other and, together, they span the entire
space.
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Figure 47: A geometric view of a complete qutrit measurement (left) and an example of anincomplete
qutrit measurement (right).

The de�nition of the incomplete measurement with respect to these subspaces is
as follows. Any quantum state vector has a projection on each subspace. The squares
of the lengths of these projections sum to 1. The result of the measurement is: a
classicaloutcome, indicating which space was collapsed to; and aresidual (collapsed)
state, which is the original state projected into one of the subspaces.

For the example on the right side of �gure 47, if the original state is� 0 j0i +
� 1 j1i + � 2 j2i , and if we call the outcomes \plane" and \line", then the result of the
measurement is:

(
\plane" and residual state � 0 j0i + � 1 j1i with probability j� 0j2 + j� 1j2

\line" and residual state � 2 j2i with probability j� 2j2,
(64)

(where in both cases the residual state is assumed to be normalized, following our
normalization convention for quantum states in section 7.3). In the case of the �rst
outcome, the residual state can still be an interesting quantum state in the sense that
it's a superposition of basis statesj0i and j1i .

This example illustrates how we can extend our notion of a measurement to in-
clude incomplete measurements with respect to orthogonal subspaces. There is an
obvious generalization to higher dimensional spaces, where the space is partitioned
into orthogonal subspaces of various dimensions. And the spaces need not be with
respect to computational basis states|though the way we capture this technically is
by enabling a unitary operation to precede the measurement.
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8.2 Local measurements

The de�nition of an incomplete measurement is needed to make sense of scenarios
where we measure asubsetof n qubits.

Consider the example where there are two qubits, and we want to measure (only)
the �rst qubit. This half-circle shape on the circuit diagram is our way of denoting

Figure 48: Notation for measuring individual qubits.

a measurement of an individual qubit. Notice that the wire coming out of the mea-
surement gate is a double line. We can think of the double line as a \thicker wire"
that carries classical bits. The outcome of the measurement is either 0 or 1, and the
residual state of the qubit will be either j0i or j1i (and the second qubit remains
\unmeasured" in a quantum state).

Notice that the original state of the 2-qubit system might be entangled, so we
cannot just ignore the second qubit and use our previous de�nition for measuring a
one-qubit system. There might not be a state vector for the �rst qubit.

We will obtain a de�nition of this measurement in terms of incomplete measure-
ments. First, consider these two 2-dimensional subspaces:

ˆ The space of all linear combinations ofj00i and j01i (which is all states where
the �rst qubit is in state j0i ).

ˆ The space of all linear combinations ofj10i and j11i (which is all states where
the �rst qubit is in state j1i ).

These two spaces are orthogonal to each other (every vector in one space is orthogonal
to every vector in the other space). So we have two orthogonal 2-dimensional spaces
within the 4-dimensional space of 2-qubit states.

We take the incomplete measurement with respect to these two spaces. Any 2-
qubit quantum state � 00 j00i + � 01 j01i + � 10 j10i + � 11 j11i has a projection onto each
subspace. Respectively, these projections are:

� 00 j00i + � 01 j01i = j0i 

�
� 00 j0i + � 01 j1i

�
(65)

� 10 j10i + � 11 j11i = j1i 

�
� 10 j0i + � 11 j1i

�
: (66)
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Figure 49: Schematic picture of two orthogonal 2-dimensional spaces in four dimensions.

And the respective lengths squared of these projections are

j� 00j2 + j� 01j2 (67)

j� 10j2 + j� 11j2: (68)

Now we de�ne the measurement of the �rst qubit operation as follows. Suppose
that the 2-qubit state is � 00 j00i + � 01 j01i + � 10 j10i + � 11 j11i . The the result of
measuring the �rst qubit is

(
0 and residual state� 00 j0i + � 01 j1i with probability j� 00j2 + j� 01j2

1 and residual state� 10 j0i + � 11 j1i with probability j� 10j2 + j� 11j2.
(69)

In Eq. (69), we are omitting the residual state of the �rst (measured) qubit, which is
j0i or j1i , in correspondence with the classical output bit.

There is an obvious version of this de�nition for measuring thesecondqubit of
two qubits.

Exercise 8.1 (straightforward). Using a similar approach to the above, propose a
de�nition for the result of measuring thesecondqubit of a 2-qubit system.

Exercise 8.2 (a straightforward sanity check of the de�nitions). Show that measuring
the �rst qubit and then measuring the second qubit has the same result as performing
one single measurement of the entire 2-qubit system at once.

This de�nition of local measurementextends in a very straightforward way to
the scenario where there aren qubits and some arbitrary subset ofk of the qubits
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are measured. The outcome is ak-bit string and associated with each outcome is
a 2n� k-dimensional subspace. There are are 2k such subspaces (orthogonal to each
other) and the outcome probabilities correspond to the projection lengths squared of
the state on the 2k subspaces.

Exercise 8.3 (a straightforward check of the de�nitions). Consider the 3-qubit state
1p
2

j001i + 1p
3

j010i + 1p
6

j100i . What are the outcome probabilities and residual states
if the �rst qubit is measured? What about the case where the second qubit is measured?
And if the third qubit is measured?

Let's get used to the concept of measuring one qubit of a 2-qubit system, with
the following exercises.

Figure 50: Measuring a 2-qubit system in one fell swoop vs measuring one qubit at a time.

Exercise 8.4 (a straightforward sanity check of the de�nitions). Show that measuring
the �rst qubit and then measuring the second qubit yields the same result as performing
one single measurement of the entire 2-qubit system.

Exercise 8.5 (interesting?). What happens if the �rst qubit of 1p
2

j00i + 1p
2

j11i is
measured? Can this e�ect be used to communicate instantaneously over large dis-
tances?

To understand the second question in exercise 8.5, suppose that Alice has the �rst
qubit of this state in her lab and Bob has the second qubit is his lab (which could be
very far away). Can Alice instantly communicate information to Bob by performing
a measurement on her system? Intuitively, the question is essentially about whether
Alice performing a measurement on her system \changes the state" of Bob's system.
Later on, in the information theory part of the course, we'll learn a language that
enables us to express this matter more clearly.
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Exercise 8.6. Recall that the Bell basis is

1p
2

j00i + 1p
2

j11i (70)
1p
2

j01i + 1p
2

j10i (71)
1p
2

j00i � 1p
2

j11i (72)
1p
2

j01i � 1p
2

j10i : (73)

Consider the state distinguishing problem where one is given one of these states and
the goal is to determine which one. Suppose that we add a restriction that only the
�rst qubit of the state can be measured (the second qubit is inaccessible). Is there a
state distinguishing procedure for this?

The trivial strategy for distinguishing among the four Bell states is to randomly
guess (without measuring), which succeeds with probability14 . The question in exer-
cise 8.6 is whether one can do any better than that if one is only allowed to measure
the �rst qubit.

8.3 Weirdness of the Bell basis encoding

Suppose that we have two qubits which we want to use to encode twoclassical bits.
Let's consider two di�erent ways of encode the two classical bits: the computational
basis and the Bell basis.

ab Comp. basis
00 j00i

01 j01i

10 j10i

11 j11i

ab Bell basis
00 j00i + j11i

01 j00i � j 11i

10 j01i + j10i

11 j01i � j 10i

Now, if the two qubits are considered as one system, it doesn't make much of a

Figure 51: A 2-qubit system can be viewed as two separate 1-qubit systems.
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di�erence which encoding you use, because you can always convert between these
encodings by a unitary operation. However, if the two qubits are localized: say, Alice
possesses the �rst qubit and Bob possesses the second qubit then there's an interesting
di�erence.

For the case of the computational basis encoding, Alice can determine the value
of the �rst bit a, but not the second bit, b. Also, Alice can 
ip the value of the �rst
bit (between 0 and 1) butcannot 
ip the second bit. She has complete control over
the �rst bit, but no access to the second bit.

On the other hand, for the case of the Bell basis encoding, Alice has no idea
about either bit (she cannot determine any information about the value ofa nor of
b). However, Alice can 
ip either one of the two bits: she can 
ip the �rst bit (by
applying a Pauli X ); she can 
ip the second bit by applying the PauliZ ); and she
can 
ip both bits, by applying both of these Paulis.

Informally, by using the Bell basis encoding, each party individually forgoes the
ability to read any of the bits being encoded, but gains the advantage of being able
to 
ip both bits by a local operation on just one of the qubits.

This weirdness of the Bell basis is the driving force behind superdense coding.

8.4 Exotic measurements

Now is a good time to see theexotic measurementsthat I �rst referred to in passing
back in section 5.2, but never actually explained.

First, to review, we have our basic measurement operation for qubits, which is
with respect to the computational basis,j0i and j1i .

Figure 52: Basic measurement of a qubit with respect toj0i and j1i .

Then we have a notion of measuring a qubit with respect to any orthonormal
basis (for example, with respect to thej+ i , j�i basis), which can be simulated by
preceding a basic measurement with some unitary operationU.
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Figure 53: Measurement of a qubit with respect to an arbitrary orthonormal basis (accomplished
by preceding a basic measurement with some unitary operationU).

The more exotic measurements that I want to show you are of the following form.

Figure 54: An exotic measurement of a qubit.

Let's assume here that we are performing this measurement on one qubit (which we
refer to as thedata). Upon receiving that qubit, we create a second qubit ourselves
in state j0i . Combining the data to be measured with that second qubit, we have a
two-qubit system (with four dimensional state vectors). By the way, when a qubit is
added to a system like this, that qubit is frequently referred to anancilla (think of
it as an \ancillary qubit"). Next we apply some four-dimensional unitary operation
U to the 2-qubit state. Finally, we perform a basic measurement to the two qubits,
resulting in one of four outcomes.

If you're seeing this kind of measurement process for the �rst time, then you might
wonder what the point is of doing all this. Is there anything special that these exotic
measurements can achieve? In fact they are very useful. In section 9, I'll show you
one example of an application of these measurements for something calledzero-error
state distinguishing.

8.5 Measuring the control qubit of a controlled- U gate

In section 6.7, we saw that controlled-U gates can behave in remarkable ways, such
as changing the state of their control qubit. Here, we consider another phenomenon,
which arises when the control-qubit of a controlled-U gate is measured. It is summa-
rized by the equivalence of the following two circuit diagrams.
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Figure 55: Measuring the control qubit before or after a controlled-U gate.

In the circuit on the left side, the �rst qubit is measured with respect to the compu-
tational basis (yielding outcome 0 or 1) which then serves as the (classical) control of
the subsequent controlled-U gate. In the circuit on the right side, the controlled-U
gate is performed �rst (on a fully quantum state) and then the �rst qubit is measured
in the computational basis.

Lemma 8.1 (Deferred Measurement lemma). For any 2-qubit input state, the e�ect
of the two procedures depicted in �gure 55 is exactly the same.

Exercise 8.7 (fairly straightforward) . Prove Lemma 8.1.

o A word of caution: the equivalence depicted in �gure 55 is validif the mea-
surement is with respect to the computational basis. If the measurement is with
respect to a di�erent basis then the equivalence does not hold in general.
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9 Zero-error state distinguishing

The scenario is once again a state distinguishing problem, where we're given a state
that's promised to be one of two speci�c states,j 0i or j 0i (not necessarily orthog-
onal), but we don't know which one, and our goal is to determine which one by some
measurement procedure. Remember that we can do this perfectly ifj 0i and j 1i
are orthogonal, and we cannot do it perfectly if they are not orthogonal, such as the
case where the states arej0i and j+ i (where the angle between these states is 45
degrees). In that case, it turns out that the success probability can be approximately
cos2(�= 8) = 0:853::: (exercise 4.2), but no higher. Note that this procedure gives the
wrong answer with probability sin2(�= 8) = 0:146:::.

A zero-error procedure for state distinguishing is one that never gives the wrong
answer. But that does not mean it always gives the right answer. This is because the
procedure is allowed to sometimesabstain from giving an answer. Formally, in our
context, the potential outputs of the distinguishing procedure aref 0; 1; Ag, where:

ˆ 0 means a guess that the state isj 0i .

ˆ 1 means a guess that the state isj 1i .

ˆ A means \abstain" (in other words, no guess).

To be zero-error means that an output of 0 or 1 is always correct.
Now there's a very trivial zero-error procedure: abstain all the time. But that's

not so interesting, because it never guesses the state correctly either. A nontrivial
zero-error procedure is one thatsometimesdoes not abstain (and in such cases, the
guess has to be right).

If we have a zero-error-procedure, it'ssuccess probabilityon an input instance is
de�ned as the probability that it gives the right answer for that input.

Imagine a situation where you can make a guess about something. When you are
right you are rewarded; when you are wrong you are penalized. But you also have the
option of abstaining, in which you get no reward or no penalty. Maybe the penalty
for a wrong guess is extremely high so you cannot a�ord to ever make a wrong guess.
But you'd still like to sometimesget the reward, so you don't want to always abstain.

What is the best zero-error success probability for distinguishing betweenj0i and
j+ i ? We will return to this speci�c question later, after we design an exotic measure-
ment procedure that works for any pairj 0i and j 1i of non-orthogonal states. For
simplicity we will assume that the angle between them is between 0 and 90 degrees
(although this restriction is not essential).
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The idea is based on a nice geometric arrangement of vectors in three dimensions.
To see it, you can cut out this grey rectangle and fold it 90 degrees in the middle.

Figure 56: Template for a special geometric arrangement of vectors (fold 90 degrees in the middle).

The result will look something like �gure 57. I found it fun to actually cut it out and

Figure 57: Special geometric arrangement of vectors.

fold it. But you can also visualize things from looking at �gure 57.
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Note that the states j0i , j1i , and jAi are three mutually orthogonal states, so it
makes sense to perform a 3-outcome measurement with respect to these states. Now,
look at the way j 0i and j 1i are arranged.j 0i and j 1i are not orthogonal (unless
� = �

2 ). However, j 1i is orthogonal to j0i , so for a measurement of that state, the
outcome will never be 0; it will always be eitherA or 1. Similarly, j 0i is orthogonal to
j1i , so for a measurement of that state, the outcome will never be 1. Based on this,
we have a zero-error measurement procedure for distinguishing between the states
j 0i and j 1i .

The probabilities of the various outcomes can be worked out to the following. For
state j 0i , the outcome probabilities are

8
>><

>>:

0 with probability sin 2(� )

1 with probability 0

A with probability cos2(� ),

(74)

and, for state j 1i , the outcome probabilities are
8
>><

>>:

0 with probability 0

1 with probability sin 2(� )

A with probability cos2(� ).

(75)

It follows that the success probability in each case is sin2(� ).
This approach can be extended to a zero-error state distinguishing procedure for

any two states j� 0i and j� 1i as long as the angle betweenj� 0i and j� 1i is the same
as the angle betweenj 0i and j 1i . The idea is to rotate the coordinate system so
that it coincides with that in �gure 57.

How does the success probability depend on the angle betweenj 0i and j 1i ? Note
that this angle is not equal to 2� , because of the fold. There is a nice relationship
between theinner product h 0j 1i and � : namely h 0j 1i = cos2(� ).

Exercise 9.1. Prove that, for the vectors in �gure 57,h 0j 1i = cos2(� ).

Note that this this implies that the success probability, sin2(� ), can be expressed as
1 � h  0j 1i .

Now, let's get back to the speci�c problem of distinguishing betweenj0i and j+ i ,
whose angle is 45 degrees, and whose inner product is1p

2
. The problem is that these

are qubits, so the dimension of the space is too small for a set-up like �gure 57.
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Here's where the exotic measurement (�gure 54) comes in. By adding an ancilla
qubit in state j0i , input state j0i becomes the 2-qubit statej0i 
 j 0i = j00i , and input
state j+ i becomesj+ i 
 j 0i = 1p

2
j00i + 1p

2
j10i . These are 4-dimensional states, but

we can ignore the dimensionj11i and view these states as being in the 3-dimensional
subspace spanned byj00i , j01i , j10i . We can associate this space with that of �gure 57
(associatingj10i with jAi , j01i with j0i , and j00i with j1i ), where � is set so that
cos2(� ) = 1p

2
. There exists a 3� 3 unitary operation U that maps j0i 
 j 0i to j 0i

and j+ i 
 j 0i to j 0i . Note that, technically, the operation performed on the 2-qubit
space is the 4� 4 unitary

2

4
0

U 0
0

0 0 0 1

3

5 : (76)

The success probability is 1� h 0j+ i = 1 � 1p
2

(= 0 :292:::). Although this is
considerably less than 0:853::: from exercise 4.2, it has the advantage that it is zero-
error. If we restricted our operations to be 1-qubit unitaries and 1-qubit measurements
then the zero-error success probability would be lower than 1� 1p

2
.
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10 Teleportation

Consider the problem where Alice wants to communicate an arbitrary qubit to Bob
by sending onlya �nite number of classical bits. Intuitively, one might expect that,
since there are a continuum of possible qubit state vectors, this is impossible to
accomplish. Teleportation violates this intuition, though it makes use of an extra
resource: entanglement between Alice and Bob.

10.1 Prelude to teleportation

Consider the scenario where Alice receives a qubit as input and the goal is for her
to convey it to Bob. Based on the qubit that Alice receives, she determines some
classical bits to send to Bob. When Bob receives these classical bits, he is supposed
to reconstruct Alice's original state.

Figure 58: Communicating a qubit by sending classical bits.

If Alice knows the state � 0 j0i + � 1 j1i of the qubit she receives then she can send
bits that specify � 0 and � 1 within some precision. High precision would require
Alice sending many bits|and perfect precision would require in�nitely many bits.
Moreover, the situation is even worse than that: Alice might not evenknow the
amplitudes of the qubit that she received. Maybe the state was set by a third party,
who gave the qubit to Alice (without telling her what the state is). Alice can at
best obtain one bit of information about the state by measuring it, and that process
destroys the state.

10.2 Teleportation scenario

In the teleportation scenario, Alice and Bob start with an additional resource, a
shared Bell state 1p

2
j00i + 1p

2
j11i and Alice sends Bob only two classical bits.
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Figure 59: Teleportation scenario.

Note that the Bell state contains absolutely no information about Alice's input state
� 0 j0i + � 1 j1i . It is remarkable that, in this scenario, there is a protocol where Alice
sends two classical bits to Bob and he is able to perfectly reconstruct the state.

10.3 How teleportation works

We begin by considering the initial state of the system, where Alice is in possession
of her input qubit and the �rst qubit of the Bell state and Bob is in possession of the
second qubit of the Bell state. We can write this state as

�
� 0 j0i + � 1 j1i

�



�
1p
2

j00i + 1p
2

j11i
�

(77)

= 1p
2
� 0 j000i + 1p

2
� 0 j011i + 1p

2
� 1 j100i + 1p

2
� 1 j111i : (78)

It is clear that all the information about the state � 0 j0i + � 1 j1i resides with Alice.
It is interesting that we can write the state in Eq. (78) as

1p
2
� 0 j000i + 1p

2
� 0 j011i + 1p

2
� 1 j100i + 1p

2
� 1 j111i

= 1
2

�
1p
2

j00i + 1p
2

j11i
�



�
� 0 j0i + � 1 j1i

�

+ 1
2

�
1p
2

j01i + 1p
2

j10i
�



�
� 0 j1i + � 1 j0i

�

+ 1
2

�
1p
2

j00i � 1p
2

j11i
�



�
� 0 j0i � � 1 j1i

�

+ 1
2

�
1p
2

j01i � 1p
2

j10i
�



�
� 0 j1i � � 1 j0i

�
: (79)

First, it is worth con�rming that Eq. (79) is correct.

Exercise 10.1 (straightforward). Con�rm Eq. (79). (Hint: expand the tensor prod-
ucts and observe that some of the terms cancel out.)

What is remarkable about the expression in Eq. (79) is that the coe�cients� 0 and
� 1 appear to be on Bob's side|and the teleportation protocol has not even started!
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How did � 0 and � 1 migrate over to Bob's side? In spite of Eq. (79), Bob's qubit
contains absolutely no information about� 0 j0i + � 1 j1i . We have to be careful not
to misinterpret the state in Eq. (79).

But Eq. (79) suggests an approach to make the teleportation protocol work: what
if Alice measures her qubits (the �rst two qubits) in the Bell basis? Then, for each
outcome, the residual state of Bob's qubit is similar to� 0 j0i + � 1 j1i . A simple
correction, based on Alice's outcome, can make the state exactly� 0 j0i + � 1 j1i .

The measurement in the Bell basis can be accomplished by Alice �rst applying
the 2-qubit unitary operation speci�ed by this circuit.

Figure 60: Circuit that converts from the Bell basis to the computational basis.

This has the following e�ect on the Bell states

input output
j00i + j11i j00i

j00i � j 11i j01i

j01i + j10i j10i

j01i � j 10i j11i

Therefore this changes the 3-qubit state to

1
2 j00i 


�
� 0 j0i + � 1 j1i

�

+ 1
2 j01i 


�
� 0 j1i + � 1 j0i

�

+ 1
2 j10i 


�
� 0 j0i � � 1 j1i

�

+ 1
2 j11i 


�
� 0 j1i � � 1 j0i

�
: (80)

Now, if Alice measures the �rst two qubits of this state in the computational basis
then the result (Alice's two classical bits and the residual state in Bob's possession) is

8
>>>><

>>>>:

00, � 0 j0i + � 1 j1i with probability 1
4

01, � 0 j1i + � 1 j0i with probability 1
4

10, � 0 j0i � � 1 j1i with probability 1
4

11, � 0 j1i � � 1 j0i with probability 1
4 .

(81)
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At this point, Bob does not yet have the correct state (expect in the case of outcome
00). But, if Alice sends Bob the two bits of her measurement outcome then Bob can
apply an appropriate operation to \correct" his state.

Here's what Bob does after receiving the two classical bitsab from Alice:

1. If b= 1 apply X .

2. If a = 1 apply Z .

The resulting state on Bob's side is for each case is

8
>>>><

>>>>:

00, � 0 j0i + � 1 j1i

01, X
�
� 0 j1i + � 1 j0i

�
= � 0 j0i + � 1 j1i

10, Z
�
� 0 j0i � � 1 j1i

�
= � 0 j0i + � 1 j1i

11, ZX
�
� 0 j1i � � 1 j0i

�
= � 0 j0i + � 1 j1i .

(82)

This completes the description of the teleportation protocol.
The protocol can be summarized by the following circuit. Alice's qubits and bits

Figure 61: The teleportation protocol summarized in one circuit.

are on top and Bob's are on the bottom. The slanted classical wires denote that the
two classical bits resulting from Alice's measurements being shifted down from Alice
towards Bob.

Exercise 10.2 (straightforward). Work through the circuit diagram in �gure 61 and
con�rm that it works.

It is natural to ask: What happens to Alice's copy of her state? Is Alice's copy
preserved? The answer is that, since Alice measures her two qubits, all the quantum
information in her possession is lost. So, while Bob ends up with a copy of the state
� 0 j0i + � 1 j1i , Alice loses her copy of the state in the teleportation process.
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11 Can quantum states be copied?

In the teleportation protocol, Alice loses her copy while Bob obtains a copy. Can this
protocol be modi�ed so that Alice's copy is not lost? Or is there some other way to
produce a second copy of a quantum state?

11.1 A classical bit copier

Classical information is easy to copy and we do it all the time (say, when we back up
our data). A simple device that copies one bit could look like this.

Figure 62: A classicalbit copier device.

The �rst input bit is the data to be copied. The second input bit is always 0 (think
of it as analogous to the blank sheet of paper that goes into a photocopier). How
do we implement such a device? It is not hard to see that aCNOT gate (a classical
version of this gate) will perform the copying operation.

Figure 63: A classical version of theCNOT gate is a bit copier.

11.2 A qubit copier?

A qubit copier would be of the following form.

Figure 64: Form of a hypothetical qubit copier.

Does there exist a unitary operation that performs this for any input statej i ?
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Our �rst candidate might be the quantum CNOT gate. Does this work?

Figure 65: A candidate for a qubit copier.

The CNOT gate actually works correctly for the input statesj0i and j1i .

Figure 66: CNOT copies the computational basis states correctly.

However, theCNOT gate fails to correctly copy the statej+ i = 1p
2

j0i + 1p
2

j1i .

Figure 67: CNOT fails to copy the j+ i state.

The output of the gate is 1p
2

j00i + 1p
2

j11i , whereas two copies of thej+ i state is the
state j+ i 
 j + i = 1

2 j00i + 1
2 j01i + 1

2 j10i + 1
2 j11i .

Theorem 11.1. There does not exist a 2-qubit unitary that implements the quantum
copier in �gure 64.

Exercise 11.1 (straightforward). Prove Theorem 11.1. (Hint: the proof is actually
very similar to the proof that theCNOT gate is is not a quantum copier.)

Theorem 11.1 doesn't quite settle the matter of whether quantum information can
be copied, because �gure 64 is not the most general possible form that a hypothetical
qubit copier can take. A more general form the following.

Figure 68: A more general form of a hypothetical quantum copier.
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Think of the �rst qubit as the data to be copied, the second qubit as the analogue
of the blank sheet of paper that goes into a photocopier, and the third qubit as the
analogue of the toner cartridge, which is discarded at the end of the process. The
notation for the output state of the third qubit j�  i is intended to indicate that it is
allowed to be a function of the dataj i . In fact, this more general framework does
not help.

Theorem 11.2. There does not exist a 2-qubit unitary that implements the quantum
copier in �gure 68.

Exercise 11.2 (slightly challenging). Prove Theorem 11.2.
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12 Redundant representations of quantum states
???

Copying is a form of redundancy and the no-cloning theorem suggests that there can
be no redundancy in quantum states; however, this is not true.

12.1 3�2-copying (a.k.a. secret sharing)
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13 Classical and quantum algorithms as circuits

In this section, we'll see see a basic picture of classical and quantum algorithms as
circuits. We'll consider simulations between classical and quantum circuits and we'll
see the To�oli gate.

13.1 Classical logic gates

Recall that the NOT gate takes one bit as input and outputs the logical negation of
the bit.

a : a
0 1
1 0

Figure 69: Table of input/output values of the NOT gate (symbolically denoted as: ).

Here is the traditional notation for the gate that's used in electrical engineering logic
diagrams, followed by more recent alternative ways of denoting the gate.

Figure 70: Three notations for the NOT gate.

The logical AND gate takes two input bits and produces one output bit, which is 1 if
and only if both input bits are 1.

ab a ^ b
00 0
01 0
10 0
11 1

Figure 71: Table of input/output values of the AND gate (symbolically denoted as^ ).
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Here is the traditional electrical engineering notation for theAND gate followed by
alternate notation.

Figure 72: Two notations for the AND gate.

The fan-out operation is is often implicitly used in circuit diagrams. It's essentially a
copying operation, whose output bits are multiple copies of its input bit. Recall that
it's possible to copy classical information.

Figure 73: Notation for fan-out: of an input bit (left), and of the output of a gate (right).

What about the logical OR gate and theXOR gate? These are de�ned as

ab a _ b
00 0
01 1
10 1
11 1

ab a � b
00 0
01 1
10 1
11 0

Figure 74: Input/output values of the OR and XOR gates (denoted as_ and � , respectively).

We don't need them as our fundamental operations because they can besimulated
by ^ and _ gates. For example,OR can be simuated by threeNOT gates and one
AND gate usingDeMorgan's Law

a _ b= : (: a ^ : b): (83)

We can also simulate anXOR gate in terms ofAND and NOT gates, which I leave as
an exercise.

Exercise 13.1. Show that anXOR gate can be simulated byAND and NOT gates.
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13.2 Computing the majority of a string of bits

Every binary string of odd length has either more zeroes than ones or more ones than
zeroes. De�ne themajority of an odd-length string as the most common value. Here's
a table of values of the majority function for 3-bit strings, denotedMAJ3.

a MAJ3(a)
000 0
001 0
010 0
011 1
100 0
101 1
110 1
111 1

Figure 75: Table of input/output values of the MAJ3 function.

Here's a circuit that computes this majority function for 3-bit strings.

Figure 76: Classical circuit computing the majority value of three bits.

The input bits a1, a2, a3 are on the left, information 
ows from left to right, and the
output bit is b= MAJ3(a1; a2; a3). The circuit is based on this formula

MAJ3(a1; a2; a3) = ( a1 ^ a2) _ (a1 ^ a3) _ (a2 ^ a3) ; (84)

where theOR gates are simulated byNOT and AND gates along the lines of Eq. (83).
The total number of OR and NOT gates is nine (and there are three implicit fan-out
gates at the inputs).

Can you construct a classical circuit forMAJn (a1; a2; : : : ; an ), the majority value
of (a1; a2; : : : ; an ), for odd n > 3? What is the gate count of your construction as a
function of n? Does it grow polynomially or exponentially with respect ton?
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Exercise 13.2 (level of di�culty depends on your prior familiarity with logic cir-
cuits). Construct a classical circuit that computesMAJn (a1; a2; : : : ; an ) for arbitrarily
large oddn using a number of gates that scales polynomially with respect ton.

13.3 Classical algorithms as logic circuits

We can represent algorithms as logic circuits along the lines of this diagram.

Figure 77: Generic form of a classical circuit (information 
ows from left to right).

The inputs are on the left, time 
ows left to right and the outputs are on the right.
Classical computer algorithms are usually described in high level languages, but they
implicitly represent many low-level logic operations, like this circuit.

A reasonable overall cost measure is the number of gates. There are other measures
that we may care about such as thedepth, which is the length of the longest path
from an input to an output. Or the width, which is the maximum number of gates at
any level, assuming that the gates are arranged in levels. But, to keep things simple,
let's use the gate count as our main cost measure.

The number of gates depends on what the elementary operations are. We'll take
these to beAND and NOT gates (and let's not count the fan-out operations). What's
important is that a gate does a constant amount of computational work. If we allowed
arbitrary gates then any circuit could be reduced to just one \supergate," but the
cost of that one gate would not be very meaningful, since we expect large gates to be
expensive to implement.

13.4 Multiplication problem and factoring problem

Let's consider themultiplication problem where one is given twon-bit binary integers
as input and the output is their product (a 2n-bit integer). For example, for inputs
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101 (5 in binary) and 111 (7 in binary), the output should be 100011 (35 in binary)
because the product of 5 and 7 is 35.

Think of the number of bits n as being quite large, larger than the number of
bits of the arithmetic logic unit of your computer. Do you know of an algorithm
for performing this? I believe that you do know such an algorithm, because you
learned one in grade school. In principle, you could multiply two numbers consisting
of thousands of digits by pencil and paper using that method. And it can be coded up
as an algorithm (commonly referred to as thegrade school multiplication algorithm).
How e�cient is this algorithm? Assuming you learned the algorithm that I did,
its running time scales quadratically in its input size. By quadratic, I mean some
constant timesn2 (for su�ciently large n).

The constant depends on the exact gate set that you use and we'll often use the
big-oh notation to suppress that.

De�nition 13.1. For f; g : N ! N, f (n) 2 O(g(n)) if f (n) � cg(n) for some
constant c > 0 (and for su�ciently large n).

Of course if we want toimplement an algorithm then we do care about what the
constant multiple is. But if we're looking at things theoretically then the big-oh
notation helps reduce clutter and focus attention onasymptotic growth rates, which
tend to be more important for largen.

There are more e�cient algorithms than the grade school method. The current
record is O(n logn) which is quite good. (There's a rich history of multiplication
algorithms that evolved fromO(n2) to O(n1:585) to O(n logn log logn) to O(n logn),
but we won't get into that here.)

Now, let's look at the factoring problem, which can be roughly thought of as the
inverse of the multiplication problem. The input is ann-bit number and the output
is its prime factors. For example, for input 100011, the outputs are 101 and 111 (the
prime factors of 35).

You probably also learned this algorithm in grade school for factoring numbers:
First check if the number is divisible by 2. Then check for divisibility by 3. You can
skip 4, since that's a multiple of 2. Then check 5, skip 6, check 7, and so on. You
can stop once you get to the square root of the number because if you haven't found
a divisor by then, the number must be prime. To get a feel for this, try factoring the
number 91 (or show that it's prime).

How expensive is this computationally? For largen, there are lots of divisors to
check, exponentially many. The cost is exponential inn, namelyO(exp(n)). There are
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more sophisticated algorithms than this method. The best currently-known classical
algorithm for factoring is the so-callednumber �eld sieve algorithm, which scales
exponentially in the cube root ofn (to be more precise, exp(n1=3 log2=3(n))). Since
the cube root is in the exponent, this is still essentially exponential. There is no
currently-known classical algorithm for factoring whose cost scales polynomially with
respect ton.

In fact, the presumed di�culty of factoring is the basis of the security of many
cryptosystems.

13.5 Quantum algorithms as quantum circuits

Now let's consider quantum circuits.

Figure 78: Generic form of a quantum circuit.

The input data is on the left, as computational basis states. Data 
ows from left to
right as a series of unitary gates. Then measurement gates occur at the end, which
yields the output of the computation.

Again, we can takes various cost measures for quantum circuits, such as the num-
ber of gates, the depth, or the width. Let's focus on the number of gates. As with
classical circuits, we need a notion of what anelementary gate is. For now, let's
consider the elementary gates to be the set of all 1-qubit and 2-qubit gates. We'll
consider simpler gate sets later on.

Consider the factoring problem again. Peter Shor's famous factoring algorithm can
be expressed as a quantum circuit for factoring that consists ofO(n2 logn) gates|a
polynomially bounded number of gates! An e�cient implementation of this algo-
rithm would break several cryptosystems, whose security is based in the presumed
computational hardness of factoring.
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14 Simulations between quantum and classical

It is natural to ask how the classical model of computation compares with the quantum
model of computation. Can quantum circuits simulate classical circuits? Can classical
circuits simulate quantum circuits? How e�cient are the simulations?

For quantum circuits to simulate classical circuits, the PauliX gate (that maps
j0i to j1i and j1i to j0i can be viewed as aNOT gate, but what quantum gate
corresponds to theAND gate? None of the operations that we've considered so far
has any resemblance to theAND gate. The To�oli gate makes such a connection.

14.1 The To�oli gate

I'd like to show you a 3-qubit gate called theTo�oli gate , which will be useful for
simulating AND gates. It's denoted this way, like aCNOTgate, but with an additional
control qubit.

Figure 79: To�oli gate acting on computational basis states (a; b; c2 f 0; 1g).

On computational basis states, it 
ips the third qubit if and only if both of the �rst
two qubits are in state j1i ; otherwise it does nothing. The 8� 8 unitary matrix for
this gate is

2

6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

3

7
7
7
7
7
7
7
7
7
7
7
7
5

: (85)

For arbitrary 3-qubit states, that are not necessarily computational basis states, the
action of the gate on the state is to multiply the state vector by this 8� 8 matrix.
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The To�oli gate is sometimes called thecontrolled-controlled-NOT gate. This
makes sense, because the To�oli gate is a controlled-CNOT gate.

Figure 80: To�oli gate is a controlled-CNOT gate (also a controlled-controlled-NOT gate).

14.2 Quantum circuits simulating classical circuits

Theorem 14.1. Any classical circuit of sizes can be simulated by a quantum circuit
of sizeO(s), where the gates used are PauliX , CNOT, and To�oli.

Proof. We use To�oli gates to simulateAND gates as illustrated in �gure 81.

Figure 81: Using a To�oli gate to simulate a classicalAND gate.

Bits are represented as computational basis states in the natural way (bitsa; b2 f 0; 1g
are represented byjai and jbi ). To compute the AND of a and b, a third ancilla qubit
in state j0i is added and then a To�oli gate is applied as shown in �gure 81. This
causes the state of the ancilla qubit to becomeja ^ bi . The �rst two qubits can be
discarded, or just ignored for the rest of the computation. That's how anAND gate
can be simulated.

To simulate NOT gates, we can use the PauliX gate.

Figure 82: Using anX -gate to simulate a classicalNOT gate.

Finally, we can explicitly simulate a fan-out gate by adding an ancilla in statej0i
and apply a CNOT gate, as in �gure 83.
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Figure 83: Using aCNOT gate to simulate a classical fan-out gate.

Remember that circuit in �gure 76 for computing the majority of 3 bits? Here's a
quantum circuit that simulates that circuit using To�oli gates for AND and X gates
for NOT.

Figure 84: Computing the majority of three bits using To�oli and X gates.

The output is the last qubit. (Note how this quantum circuit does not need to
explicitly simulate the fan-out gates of the inputs.)

You may have noticed that we de�ned quantum circuits to be in terms of 1-qubit
and 2-qubit gates, but our simulation of classical circuits used 3-qubit gates: the
To�oli gate. We can remedy this by simulating each To�oli gate by a series 2-qubit
gates. I'm going to show how to do this.

To start, we will make use of a 2� 2 unitary matrix with the property that if you
square it you get the PauliX . SinceX is essentially theNOT gate, this matrix is
sometimes referred to as a \square root ofNOT". Note that, in classical information,
there is no square root ofNOT, so the quantum square root ofNOT can be regarded
as a curiosity. Let's refer to this matrix asV.

Exercise 14.1 (straightforward). Find a 2 � 2 unitary matrix V such thatV 2 = X .

Henceforth, I'm going to assume that we have such a matrixV in hand. From this,
we can de�ne a controlled-V gate. Also, we can de�ne a controlled-V � gate. Now,
consider the following circuit, consisting of 2-qubit gates.
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Figure 85: Simulating a To�oli gate in terms of 2-qubit gates.

I claim that it computes the To�oli gate. How can we verify this?
Let's discuss two possible approaches. The �rst approach has the advantage that

it's completely mechanical. No creative idea is needed to carry it out. What you can
do is work out the 8� 8 matrix corresponding to each gate and then multiply5 the
�ve matrices and see if the product is the matrix in Eq. (85) for the To�oli gate.

A second approach is to try to �nd shortcuts based on the logic of the gates, to
avoid tedious calculations. In this case, note that it it su�cient to verify that the
circuits are equivalent in the case where the �rst two qubits are in computational
basis statesj00i , j01i , j10i , j11i .

Consider thej00i case. In this case, none of the controlled-gates have any e�ect,
so the state on the third qubit doesn't change|which is consistent with what the
To�oli gate does in this case. What about thej01i case? Then none of the gates
controlled by the �rst qubit have any e�ect, so the circuit reduces to a controlled-V
followed by a controlled-V � , acting on the second and third qubits, which simpli�es
to the identity (since V V� = I ). I'll leave it to you to analyze the other two cases.

Exercise 14.2. Continue the analysis of the correctness of the circuit in �gure 85
for the cases where the control qubits are in statej10i and in state j11i .

This kind of approach, when it can be made to work, has two advantages. First, it
avoids a tedious calculation. Second, thinking about it this way, we can gain some
intuition about why the circuit works. In the future, if you need to design a quantum
circuit to achieve something, such intuition can be helpful.

Exercise 14.3 (Challenging). Show how to simulate a To�oli gate using onlyCNOT
gates and 1-qubit gates. Thus, no controlled-U gates forU 6= X are allowed.

Some classical algorithms make use of random number generators and we have
not captured this in our de�nition of classical circuits. Say we allow our classical

5A word of caution: gates go from left to right, but the corresponding matrix products go from
right to left (because we multiply vectors on the left by matrices).
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algorithms to access random bits, that are zero with probability1
2 and one with

probability 1
2 . Can we simulate such random bits with quantum circuits? This is

actually quite easy, since constructing aj+ i state and measuring it yields a random
bit.

Figure 86: Using a Hadamard and a measurement gate to generate a classical random bit.

But this entails an intermediate measurement. Our quantum circuits will not look
like the ones we de�ned earlier, where all the measurements are at the end. Can we
simulate random bits without the intermediate measurements? The answer is yes, by
the following construction.

Figure 87: Simulating random bits without using measurements.

Instead of measuring the qubit in thej+ i state, we apply aCNOT gate to a target
qubit (an ancilla) in state j0i . Then we ignore that ancilla qubit for the rest of
the computation. The �nal probabilities when the circuit is measured at the end
will be exactly the same as if a random bit had been inserted at that place in the
computation. I will leave this as an exercise for you to prove that this works.

Using our decomposition of the To�oli gate into 2-qubit gates and our results about
simulating classical randomness, we can strengthen Theorem 14.1 to the following.

Corollary 14.1. Any classical probabilistic circuit of sizes can be simulated by a
quantum circuit of sizeO(s), consisting of 1-qubit and 2-qubit gates.

14.3 Classical circuits simulating quantum circuits

Classical circuits can simulate quantum circuits but the only known constructions
have exponential overhead.

Theorem 14.2. A quantum circuit of sizes acting on n qubits can be simulated by
a classical circuit of sizeO(sn22n ).
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Proof. The idea of the simulation is quite simple. Ann-qubit state is a 2n -dimensional
vector

P
x2f 0;1gn � x jxi . Store the 2n in an array of size 2n , each with n-bits precision

(which means accuracy within 2� n ).

� 000

� 001

� 010
...

� 111

Figure 88: 2n -dimensional array storing the amplitudes of state
X

x 2f 0;1gn

� x jxi .

The initial state is a computational basis state. Each gate corresponds to 2n � 2n

matrix and the e�ect of the gate is to multiply the state vector by that matrix. In fact
that matrix will be sparse for 1-qubit gates and 2-qubit gates, with only a constant
number of nonzero entries for each row and each column. Therefore, there are a
constant number of arithmetic operations per entry of the array. Let's allowO(n2)
elementary gates for each such arithmetic operation6 (on n-bit precision numbers).
The simulation cost isO(n22n ) for each gate in the circuit. We multiply that by the
number of gates in the quantum circuits to get a cost ofO(sn22n ). That's the gate
cost to get the �nal state of the computation, just before the measurement.

What about the measurements? For this, we compute the absolute value squared
of each entry of the array. Again, that's 2n arithmetic operations. At this point, the
entries in the array are the probabilities after the measurement.

The output of the quantum circuit is not the probabilities; it's a sample according
to the distribution. How do we generate that sample? First we sample the �rst bit
of the output, the probability that that this bit is 0 is the sum of the �rst half of
the entries of the array; the probability that bit is 1 is the sum of the second half.
Once we have the �rst bit, we can use a similar approach for the second bit, using
conditional probabilities, conditioned on the value of the �rst bit, and so on for the
other bits. This also costsO(n22n ) elementary classical gates.

Note that if we take the quantum circuit that results from Shor's algorithm and
then simulate it by a classical circuit then simulate that quantum circuit by a classical

6Using simple grade-school algorithms for addition and multiplication.
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circuit, the result is not very e�cient. It's exponential and in fact it's worse than the
best currently-known classical algorithm for factoring.

If we view the aforementioned simulation in the usual high-level language of algo-
rithms, it is exponential spacein addition to exponential time (because it stores the
huge array). In fact there's a way to reduce the storage space to polynomial|while
maintaining exponential time.

Exercise 14.4 (challenge). Show how to do the above simulation as an algorithm
using only a polynomial amount of space (memory).
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15 Computational complexity classes in brief

In theoretical computer science, there are various taxonomies of computational prob-
lems according to their computational di�culty. I'll brie
y show you a few of these
and how the power of quantum computers �ts in within this classi�cation.

Consider all binary functions over the set of all binary strings (of the formf :
f 0; 1g� ! f 0; 1g, where � denotes the Kleene closure7 in this context). The input
is a binary string of some lengthn, where n can be anything. And the output is
one bit. These are sometimes called decision problems since the answer is a binary
decision, 0 or 1, yes or no, accept or reject. This is a common convention for reasons of
simplicity. Most problems that are not naturally decision problems can be reworked
to be expressed as decision problems.

P (polynomial time)
Solvable byO(nc)-size classical circuits8 (for some constantc).

BPP (bounded-error probabilistic polynomial time)
Solvable by O(nc)-size probabilistic classical circuits whose worst-case error
probability 9 is � 1

4 .

BQP (bounded-error quantum polynomial time)
Solvable byO(nc)-size quantum circuits with worst-case error probability� 1

4 .

EXP (exponential time)
Solvable byO(2nc

)-size classical circuits.

The following containments among these complexity classes are known:

P � BPP � BQP � EXP : (86)

7More speci�cally, f 0; 1g� = ? [ f 0; 1g [ f 0; 1g2 [ f 0; 1g3 [ � � � .
8Technically, we require uniform circuit families , one for each input sizen, with an algorithmic

way of mapping n to the circuit for size n.
9There is some arbitrariness in the error bound1

4 . Any polynomial-size circuit achieving this can
be converted into another circuit whose error probability is � � by repeating the process log(1=�)
times and taking the majority value. Using 1

4 is simple, though any constant below1
2 would work.
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16 The black-box model

In the next few subsequent sections, we are going to see some simple quantum algo-
rithms in a framework called theblack-box model. First, in this section, I'll explain
this computational model.

16.1 Classical black-box queries

Imagine that f is some function that is unknown to us and we're given a device that
enables us to evaluatef on any particular input, of our choosing, and that this is
our only way of acquiring information aboutf . Such a device is commonly called a
black-boxfor f .

Figure 89: A gate performing anf -query.

If we want to evaluate the function on some inputx, we insert x into the black-box
and then the value off (x) pops out, for us to see. We call this process of evaluating
the function at an input an f -query.

Now, suppose that we want to acquire some speci�c information about a func-
tion f , and that we want to do this with as few queries as possible. We can think
of this as a game, where we want to know something about an unknown functionf ,
and we're only allowed to ask questions like \what's the value off at point x?" for
any x of our choosing. How many such questions do we have to ask?

One example that illustrates the general idea ispolynomial interpolation. Here,
one is given a black-box computing an unknown polynomial of degree up tod, and the
goal is to determine which polynomial it is. At how many points does the polynomial
have to be evaluated to accomplish this?

Figure 90: Interpolating linear and quadratic functions with as few queries as possible.
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If f : R ! R is an unknown linear function then one evaluation is insu�cient for
determining what f is; however, two queries su�ce (linear interpolation). If f : R !
R is quadratic then it turns out that three evaluations are necessary and su�cient.
In general, if f is a polynomial with degree up tod then the number of queries that
are necessary and su�cient isd + 1.

We will focus our attention on functions over�nite domains instead ofR, such
as f 0; 1gn . Let us begin by considering the simple case where we have an unknown
f : f 0; 1g ! f 0; 1g. There are only four such functions and here are the tables of
values for each of them:

x f (x)
0 0
1 0

x f (x)
0 1
1 1

x f (x)
0 0
1 1

x f (x)
0 1
1 0

Figure 91: The four functions f : f 0; 1g ! f 0; 1g.

Suppose that we're given a black-box for such a function, but we don't know of the
four functions it is.

Suppose that our goal is to determine whether:

ˆ f (0) = f (1) (the �rst two cases in �gure 91); or

ˆ f (0) 6= f (1) (the last two cases in �gure 91).

To be clear, we are not required to determine which of the four functionsf is; just
whether it's among the �rst two or the last two. How many queries do we need
to accomplish this? Please think about this. We will get back to this question in
section 17.1.

16.2 Quantum black-box queries

A classical query is along the lines of �gure 89. We can set the input to anyx
in the domain of f . Then we receive as output the value off (x). Does it make
sense to de�ne aquantum query? Let's keep our attention on the simple case where
f : f 0; 1g ! f 0; 1g (�gure 91); we will consider more general cases later.

I �rst want to show you a na•�ve �rst attempt at de�ning a quantum query that
does not work. The classical query maps bits to bits. De�ne a quantum query
(mapping qubits to qubits) that correspondingly maps computational basis states to
computational basis states, as in �gure 92.
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Figure 92: Na•�ve attempt to de�ne a quantum query|that doesn't work!

For each of the four functionsf : f 0; 1g ! f 0; 1g in �gure 91, here are the corre-
sponding mappings on computational basis states.

jai jf (a)i
j0i j0i
j1i j0i

jai jf (a)i
j0i j1i
j1i j1i

jai jf (a)i
j0i j0i
j1i j1i

jai jf (a)i
j0i j1i
j1i j0i

Figure 93: Input-output relationships for na•�vely de�ned quantum query gate.

By linearity, we get these four linear operators.

�
1 1
0 0

� �
0 0
1 1

� �
1 0
0 1

� �
0 1
1 0

�
(87)

The third and fourth are familiar unitary operations: the identity operation and the
Pauli X operation. But notice that the �rst two are not unitary operations. This
violation of unitarity is a serious problem. For example, the �rst two linear operators
both map the statej�i to the zero vector, a two-dimensional vector whose amplitudes
are both zero, which makes no sense as a quantum state. So this approach does not
work.

In order for a classical mapping to be quantizable in the above manner it must
be bijective. Then the underlying linear operator is given by a permutation matrix,
which is unitary.

We will �rst de�ne a reversible classicalf -query that is bijective whether or not
f itself is bijective. In the case wheref : f 0; 1g ! f 0; 1g, the reversible classical
f -query is the mappingf 0; 1g2 ! f 0; 1g2 de�ned as (a; b) 7! (a; b� f (a)) (for all
a; b2 f 0; 1g). Here is notation for a reversible classicalf -query.

Figure 94: Reversible classicalf -query (for f : f 0; 1g ! f 0; 1g).

96



Why is this mapping f 0; 1g2 ! f 0; 1g2 bijective? One way to see this is to observe
that the mapping is its own inverse.

The reversible classicalf -query is easy to quantize as the 2-qubit unitary operation
that maps jai j bi to jai j b� f (a)i (for all a; b 2 f 0; 1g2). Here is notation for a
quantum f -query (in the case wheref : f 0; 1g ! f 0; 1g).

Figure 95: Quantum f -query (for f : f 0; 1g ! f 0; 1g).

Note that the above de�nes the e�ect of thef -query on computational basis states.
This determines a unitary operator that de�nes the e�ect of thef -query on arbitrary
quantum states.

We can generalize the above de�nition to arbitrary functionsf : f 0; 1gn ! f 0; 1gm .
The f -query is a unitary operation acting onn + m qubits de�ned as follows.

De�nition 16.1. Let function f : f 0; 1gn ! f 0; 1gm . Then a quantum f -query is
de�ned as the unitary operation acting onn + m qubits with the property that, for all
a 2 f 0; 1gn and b2 f 0; 1gm ,

jai j bi 7! j ai j b� f (a)i ; (88)

whereb� f (a) denotes the bit-wise10 XOR between them-bit strings b and f (a).

Here is notation for a general quantumf -query.

Figure 96: Quantum f -query (for f : f 0; 1gn ! f 0; 1gm ).

10The bit-wise XOR between (b1; b2; : : : ; bm ) and (c1; c2; : : : ; cm ) is (b1 � c1; b2 � c2; : : : ; bm � cm ).
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17 Simple quantum algorithms in black-box model

The simple quantum algorithms in this section are admittedly curiosities, rather than
practical algorithms. It's hard to think of real-world applications that �t their frame-
work, and where it's worth the trouble to build a quantum device to solve these
problems. What you should pay attention to are the maneuvers that these quantum
algorithms make. After these algorithms, we'll be seeing increasingly sophisticated
extensions of these maneuvers, that accomplish more dramatic algorithmic feats.

17.1 Deutsch's problem

The �rst problem that we'll consider involves functionsf : f 0; 1g ! f 0; 1g (the four
such functions are shown in �gure 91). Remember the question of how many queries
are necessary to determine whether or notf (0) = f (1)? This is the de�nition of
Deutsch's Problem.

De�nition 17.1. Deutsch's Problemis de�ned as the problem where one is given as
input a black box for somef : f 0; 1g ! f 0; 1g and the goal is to determine whether
or not f (0) = f (1) by making queries tof .

Let's �rst consider classical queries necessary to solve Deutsch's problem. One
query is not su�cient. To see why this is so, suppose that you make one query at
somea 2 f 0; 1g to acquiref (a). This gives absolutely no information about theother
value, f (: a). It is possible that f (: a) = f (a) and it is possible that f (: a) 6= f (a).
Therefore, two queries necessary and clearly two queries are also su�cient.

You may wonder whether the number ofreversibleclassical queries is di�erent. In
fact, reversible classical query at (a; b) provide exactly the same amount of information
as a simple classical queries of ata. The output of the reversible query at (a; b) is
(a; b� f (a)), and note that (a; b) are already known. Therefore, there are only two
possibilities of interest for the output:

(
b� f (a) = b, which occurs if any only iff (a) = 0;

b� f (a) 6= b, which occurs if any only iff (a) = 1.
(89)

Therefore, even with reversible classical queries, one query is not su�cient.
Now let's see what an algorithm solving Deutsch's Problem with two reversible

classical queries looks like. Here's a classical circuit expressing such an algorithm.
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Figure 97: Classical algorithm for Deutsch that makes two reversible classical queries.

The �rst query XORs the value off (0) to the second bit. Then the �rst bit is 
ipped
to 1, so the second queryXORs the value of f (1) to the second bit. At the end,
the second bit contains the value off (0) � f (1), which is the solution to Deutsch's
problem.

There is an obvious 2-query quantum algorithm that solves Deutsch's problem
just like the circuit in �gure 97. But quantum circuits need not be restricted to
these types of operations, where states are always in computational basis states. This
quantum circuit that solves Deutsch's problem with just one single query!

Figure 98: Quantum algorithm for Deutsch that makes just one quantum query.

How does it work? It's very di�erent from any classical algorithm. There are three
Hadamard transforms, and each one plays a di�erent role in the computation. Let's
look at how each Hadamard contributes to the computation in this order.

Figure 99: The three separate Hadamard transforms.

¶ What the �rst Hadamard does

This is the Hadamard applied to the second qubit, in statej1i . Obviously, this
creates thej�i state. What's interesting about creating this state here is that it's an
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eigenvector of the PauliX . Performing anX -operation onj�i causes it to become11

1p
2

j1i � 1p
2

j0i = � j�i .
With the second qubit in state j�i , if the �rst qubit is in the computational basis

state jai then the f -query causes the second qubit to change by a factor of� 1 if and
only if f (a) = 1, as shown in the following circuit diagram.

Figure 100: Caption.

Note that ( � 1)f (a) is a succinct notation for expressing the two cases, since

(� 1)f (a) =

(
+1 if f (a) = 0

� 1 if f (a) = 1.
(90)

Notice that the 2-qubit output state is (� 1)f (a) jai j�i and the (� 1)f (a) does not really
belong to a speci�c qubit of the two. We can equivalently write the circuit this way.

Figure 101: Caption.

But this is an interesting way of thinking about what the query does when the second
qubit is in state j�i . Namely, the �rst qubit picks up a phase of (� 1)f (a) , and the
second qubit doesn't change. We sometimes call thisquerying in the phase.

At this point, you might wonder why we should care about this, since this is a
global phase, and we know that global phases don't matter. But it's only a global
phase if the �rst qubit is in a computational basis state, of the formjai . It's not a
global phase if the �rst qubit is in superposition. This brings us to the role of the
second Hadamard.

11Let's keep track of the distinction between betweenj�i and � j�i , even it's only a global phase.
The signi�cance of this will become clear shortly.
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· What the second Hadamard does

This brings us to the role of the second Hadamard, that's applied to the �rst qubit.
That causes the �rst input qubit to the query to be in an equally weighted superpo-
sition of j0i and j1i , namely, the j+ i state. Now the state of the �rst output qubit
after the query is in a superposition ofj0i and j1i with respective phases (� 1)f (0) and
(� 1)f (1) .

Figure 102: Caption.

So, after the query, the state of the �rst qubit is 1p
2
(� 1)f (0) j0i + 1p

2
(� 1)f (1) j1i . Let's

look at what this state is for each of the four possible functions back in �gure 91.
The corresponding states of the �rst qubit are respectively

1p
2

j0i + 1p
2

j1i � 1p
2

j0i� 1p
2

j1i 1p
2

j0i� 1p
2

j1i � 1p
2

j0i + 1p
2

j1i : (91)

Notice that, for the �rst two cases (wheref (0) = f (1)), the state is �
�

1p
2

j0i + 1p
2

j1i
�
;

and for the last two cases (wheref (0) 6= f (1)), the state is �
�

1p
2

j0i � 1p
2

j1i
�
.

Therefore, to solve Deutsch's problem, we need only distinguish between� j + i and
� j�i . Which brings us to the third Hadamard.

¸ What the third Hadamard does

This Hadamard maps� j + i to � j 0i and � j�i to � j 1i . Measuring the resulting
qubit in the computational basis yields

(
0 if f (0) = f (1)

1 if f (0) 6= f (1).
(92)

Therefore, the output bit of the algorithm is the solution to Deutsch's problem.

Here is a summary of the 1-query quantum algorithm for Deutsch's problem, and
the role that each of the three Hadamard transforms plays in it.
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Figure 103: Summary of the role that eachH transformation plays in the algorithm.

This quantum algorithm accomplishes something with one query that would require
two classical queries by any classical algorithm.

Notice what this algorithm doesnot do. It does not somehow extract both values
of the function, f (0) and f (1), with one single query. In fact, if you run this algo-
rithm, then you get no information about the value of f (0) itself. Also, you get no
information about the value f (1) itself. You only get information about f (0) � f (1).

17.2 One-out-of-four search

Now let's try to generalize this methodology to another problem.
Let f : f 0; 1g2 ! f 0; 1g with the special property that it attains the value 1 at

exactly one of the four points in its domain. There are four possibilities for such a
function and here are their truth tables.

x f 00(x)
00 1
01 0
10 0
11 0

x f 01(x)
00 0
01 1
10 0
11 0

x f 10(x)
00 0
01 0
10 1
11 0

x f 11(x)
00 0
01 0
10 0
11 1

Figure 104: The four functions f : f 0; 1g2 ! f 0; 1g that take value 1 at a unique point.

Now, suppose that you're given a black-box computing such a function. You're
promised that it's one of these four, but you're not told which one. Your goal is
to determine which of the four functions it is.
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First of all, how many classical queries do you need to do this? The answer is
three queries. You can query in the �rst three places and see if one of them evaluates
to 1. If none of them do then, by process of elimination, you can deduce that the 1
must be the fourth place.

Now, what about quantum queries? Let's try to build a good quantum algorithm
for this. For functions mapping two bits to one bit, the queries look like this.

Figure 105: Query gate for a functionf : f 0; 1g2 ! f 0; 1g.

There are two qubits for the input, and a third qubit for the output of the function.
In the computational basis, the value off (a1; a2) is XORed onto the third qubit. Of
course, that description is for states in the computational basis. But, there is a unique
unitary operation that matches this behavior on the computational basis states.

Let's start, along the lines that we did for Deutsch's algorithm: by setting the
target qubit to state ket-minus so as to query in the phase; and then querying the
inputs in a uniform superposition.

Figure 106: Starting along the lines of Deutsch's algorithm. (Intermediate stages are marked.)

Let's trace through the execution of this quantum circuit. At each stage, we will
determine the state of the three qubits at that stage.

State at stage ¶

The state after the Hamadard operations, but just before the query is

�
j00i + j01i + j10i + j11i

�
j�i : (93)
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State at stage ·

The query does not a�ect the state of the third qubit, but it changes the state of the
�rst two qubits to

8
>>>><

>>>>:

� j 00i + j01i + j10i + j11i in the case off 00

j00i � j 01i + j10i + j11i in the case off 01

j00i + j01i � j 10i + j11i in the case off 10

j00i + j01i + j10i � j 11i in the case off 11:

(94)

Looking at these four states, what noteworthy property do they have? They're or-
thogonal! If you take the dot-product between any two of these vectors then you
get two positive terms and two negative terms, which cancel out. Since they're or-
thogonal, we can measure with respect to this basis. In other words, there exists a
unitary operation U that maps these states to the computational basis, and then we
can measure in the computational basis.

Figure 107: Quantum algorithm for the 1-out-of-4 search problem.

So this quantum circuit only makes one quantum query and it correctly identi�es the
function (among the four). And this would require 3 classical queries.

As an aside, a small challenge question is to give a quantum circuit with onlyH
and CNOT gates that computes the aboveU. I'll leave this for you to consider.

It is possible to get a more dramatic quantum vs. classical query separation than
1 vs. 3?

17.3 Constant vs. balanced

Next we'll see a problem where a quantum algorithm solves a problem with exponen-
tially fewer queries than any classical algorithm.

Let f : f 0; 1gn ! f 0; 1g. We call such a functionconstant if either its value is 0
everywhere, or its value is 1 everywhere. We call such a functionbalancedif its value
is 0 in exactly the same number of places that its value is 1. There are 2n possible
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inputs to such a function. Therefore, a balanced function takes value 0 in exactly
2n� 1 places and it takes value 1 in exactly 2n� 1 places.

Here are some examples of tables of functions for then = 3 case:

a f 1(a) f 2(a) f 3(a) f 4(a) f 5(a)
000 0 1 0 1 0
001 0 1 0 1 0
010 0 1 0 0 0
011 0 1 0 1 0
100 0 1 1 0 0
101 0 1 1 0 0
110 0 1 1 0 1
111 0 1 1 1 0

Figure 108: Examples of functions that are constant, balanced, and neither.

The �rst two functions, f 1 and f 2, are the two constant functions: the all-zero func-
tion and the all-one function. The third function f 3 is a balanced function with all
the zeroes before all the ones. Andf 4 is another balanced function, but with the
positions of the zeros and ones mixed up. How many balanced functions are there?
Exponentially many (the number is approximately 2n

p
n ). And f 5 is neither constant

nor balanced|just as a reminder that this third category exists.
For the constant-vs-balanced problem, we're given a black-box computing a func-

tion that is promised to be either constant or balanced, but we're not told which one.
Our goal is to �gure out which of the two cases it is, with as few queries tof as
possible.

First of all, how many queries do we need to solve this problem by a classical
algorithm? If you think about this, you'll probably realize that, even if you query
the function in many spots and always see the same value, you still might not know
which way it goes. It could be constant. But it could also be that, in many of the
places that you did not query, the function takes the opposite value and it's actually
a balanced function. It's only after you've queried in more than half of the spots
that you can be sure about which case it is. Therefore, for number of queries that a
classical algorithm must make is 2n� 1 + 1. That's a lot of queries whenn is large.

How many queries can a quantum algorithm get by with? In fact, this problem
can be solved by a quantum algorithm that makes just one single query! Let's see
how that works.
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We'll start o� as usual, setting the target qubit to state j�i and setting the the
other qubits|those where the inputs to f are|into a uniform superposition of all
n-qubit basis states. That's what applying a Hadamard to each ofn qubits in state
j0i does.

Figure 109: Starting o� in a manner similar to the two previous algorithms.

So the state right after the query is

1
p

2n

� X

a2f 0;1gn

(� 1)f (a) jai
�


 j�i : (95)

The �rst n qubits are the interesting part of this state, which is a uniform superpo-
sition of all 2n computational basis states ofn qubits, with a phase of (� 1)f (a) for
eachjai .

What does this state looks like in the constant case? In that case, either all the
phases are +1 or all the phases are� 1. So the state remains in a uniform superposition
of computational basis states and just picks up a global phase of +1 or� 1.

Now, what can we say about the state in the balanced case? There are lots of
possibilities, depending on which particular balanced function it is. But one thing
we can say is that the state is orthogonal to the state that arises in the constant
case. Why? Because, in the computational basis, the state will have +1 in half of
its components and� 1 in the other half. So when you take the dot product, with a
vector that has (say) +1 in each component you get a sum of an equal number of +1s
and � 1s, which cancel and results in zero.

Something that we've seen a few times before is that, when the cases that we're
trying to distinguish between result in orthogonal states, we're in good shape. Being
orthogonal means that, in principle, the states are perfectly distinguishable.

Let's make this more explicit. Suppose that we now apply a Hadamard to each of
the �rst n qubits, and consider what happens in the constant case and in the balanced
case. In the constant case, this transforms the state to� j 00: : : 0i = � j 0n i . In the
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balanced case, since unitary operations preserve orthogonality relationships, the state
is transformed to some state that is orthogonal toj0n i .

After this �nal layer of Hadamards, we measure the state of the �rstn qubits.

Figure 110: Quantum algorithm for the constant-vs-balanced problem.

If the outcome is 00: : : 0 = 0n then we report \constant" and if the outcome is
any string that's not 0n (not all zeroes) then we report \balanced". Note that, in the
balanced case, it's impossible to get outcome 0n , because measuring a state orthogonal
to j0n i cannot result in outcome 0n .

That's how the one-query quantum algorithm for the constant-vs-balanced prob-
lem works. It achieves something with one single query that requires exponentially
many queries by any classical algorithm.

17.4 Probabilistic vs. quantum query complexity

Although everything I've said about the classical and the quantum query cost for
the constant-vs-balanced problem is true, there's something unsatisfying about the
\exponential reduction" in the number of queries that the quantum algorithm attains.
The classical query cost is expensiveonly if we require absolutely perfect performance.
If a classical procedure queriesf in random locations then, in the case of a balanced
function, it would have to be very unlucky to always draw the same bit value.

Here's a classical probabilistic procedure that makes just two queries and per-
forms fairly well. It selects two locations randomly (independently) and then outputs
\constant" if the two bits are the same and \balanced" if the two bit values are
di�erent.

What happens if f is constant? In that case the algorithm always succeeds. The
two bits will always be the same. What happens iff is balanced? In that case
the algorithm succeeds with probability1

2 . The probability that the two bits will be
di�erent will be 1

2 .
By repeating the above procedurek times, we can make the error probability

exponentially small with respect tok. Only 4 queries are needed to obtain success
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probability 3
4 . And, the success probability can be a constant that's arbitrarily close

to 1, using a constant number of queries.
In summary, we've considered three problems in the black-box model. For each

problem, a quantum algorithm solves it with just one query, but more queries are
required by classical algorithms.

classical classical
problem quantum deterministic probabilistic
Deutsch 1 2 2
1-out-of-4 search 1 3 3
Const. vs. balanced 1 2n� 1 + 1 O(1)

Figure 111: Summary of query costs for problems considered so far.

For Deutsch's problem, any classical algorithm requires 2 queries. For the 1-out-of-4
search problem, any classical algorithm requires 3 queries. And, for the constant-
vs-balanced problem, any classical algorithm requires exponentially many queries to
solve the problem perfectly; however, there is a probabilistic classical algorithm that
makes only a constant number of queries and solves the problem with bounded error
probability.

Along this line of thought, the following question seems natural: Is there a black-
box problem for which the quantum-vs-classical query cost separation is stronger?
For example, for which even probabilistic classical algorithms with bounded-error
probability require exponentially more queries than a quantum algorithm?

We'll address this question in the next section.
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18 Simon's problem

We are going to investigate a black-box problem calledSimon's Problem. For this
problem, there is an exponential di�erence between the probabilistic classical query
cost and the quantum cost. Also the quantum algorithm for this problem introduces
some powerful algorithmic techniques in a simple form. Simon's Problem is a slightly
more complicated black-box problem than those that we've seen up to now, involving
functions from n bits to n bits.

It is interesting for two reasons:

1. It improves on the progression of black-box problems where quantum algorithms
outperform classical algorithms. The quantum algorithm requires exponentially
fewer queries than even probabilistic classical algorithms that can err with con-
stant probability, say 1

4 .

2. The quantum algorithm for Simon's problem introduces a technique that tran-
scends the black-box model. When looked at the right way, the ideas intro-
duced in Simon's algorithm lead naturally to Shor's algorithm for the discrete
log problem|which is not a black-box problem! Shor discovered his algorithms
(for discrete log and factoring) soon after seeing Simon's algorithm, and in his
paper, he acknowledges that he was inspired by Simon's algorithm.

18.1 De�nition of Simon's Problem

The problem concerns functionsf : f 0; 1gn ! f 0; 1gn that are 2-to-1 functions, which
means that, for every point in the range, there are exactly two pre-images. In other
words, for every value that the function attains, there are exactly two points,a and b,
in the domain that both map to that value. We call such a pair of points acolliding
pair. If a 6= b and f (a) = f (b) then a and b are a colliding pair.

Now, there's a special property that some 2-to-1 functions have, that we'll call the
Simon property.

De�nition 18.1. A 2-to-1 function f : f 0; 1gn ! f 0; 1gn has theSimon property if
there existsr 2 f 0; 1gn such that: For every colliding pair(a; b), it holds that a� b= r .

For a; b2 f 0; 1gn , a � b denotes their bit-wiseXOR. That is, you take the XOR of
the �rst bit of a with the �rst bit of b, and then you take theXOR of the second bit
of a with the second bit ofb, and so on.

Let's look at an example. Here's a 2-to-1 functionf : f 0; 1g3 ! f 0; 1g3.
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a f (a)
000 011
001 101
010 000
011 010
100 101
101 011
110 010
111 000

Figure 112: Example of function satisfying the Simon property forn = 3.

I've color coded the colliding pairs. For example, if you look at the two green points
in the domain, 000 and 101, you can see thatf maps both of these points to 011
(and those are the only points that are mapped to 011). So the two green points
are a colliding pair. Also, the two red points 011 and 110 are a colliding pair, both
mapping to 010. And there is a blue colliding pair and a purple colliding pair.

OK, so this f is a 2-to-1 function. But it also has the additional Simon property.
If you take any colliding pair (a; b) then a � b is always the same 3-bit string. Can
you see what that stringr is in this example?

Did you get r = 101? If you pick any color and take the bit wiseXOR of the two
strings of that color you'll get 101. For example, for the red pair, 011� 110 = 101.

Note that, for an arbitrary 2-to-1 function, the bit-wise XORs can be di�erent for
di�erent colliding pairs. So the 2-to-1 functions that satisfy the Simon property are
special ones, for which these bit-wiseXORs are always the same.

Now we can de�ne Simon's problem.

De�nition 18.2 (Simon's problem). You are given access to a black-box for a 2-to-1
function f : f 0; 1gn ! f 0; 1gn that has the Simon property, but you are given no other
information about f . You don't know what the colliding pairs are and you don't know
the value ofr . Your goal is to �nd the value ofr .

In the above example,r = 101. For a general functionf : f 0; 1gn ! f 0; 1gn , r could
potentially be any non-zeron-bit string.
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18.2 Classical query cost of Simon's problem

Let's try to think about how hard this black-box problem is. In the example, we could
�nd r by taking the bit-wise XOR of any colliding pair. So, once we have a colliding
pair, it's easy to �nd r . Therefore, one way to solve this is to �nd a colliding pair.
But notice that any two distinct n-bit strings could be a colliding pair for somer . So
if we make a query at some pointa, we learn the value off (a), but we have no idea
for which b6= a, you get a colliding pair.

Here's an example of a classical algorithm for Simon's problem. If we a have a
budget ofm queries, queryf at m random points in f 0; 1gn and then check if there's
a collision among them. If any two are a colliding pair then their bit-wiseXORis the
answerr . If there are no collisions then the algorithm is out of luck; in that case it
fails to �nd r .

How large shouldm be set to so that the probability of a collision is at least34?
There are 2n points in the domain, and each pair of queries will collide with probability
1

2n . Since there are aroundm2 pairs, the expected number of collisions is roughlym2

times 1
2n . Setting m �

p
2n su�ces to make this expectation a constant12.

So there's a classical algorithm that solves this withO
� p

2n
�

queries. It's better
than querying f everyhere, which would cost 2n queries. But the square root just
amounts to a reduction by a factor of 2 in the exponent. It's still exponentially many
queries. What's interesting is that the above is essentially the best possible classical
algorithm.

Theorem 18.1. Any classical algorithm that solves Simon's problem with worst-case
success probability at least34 must make


� p
2n

�
queries.

How do we know this? Wecannot deduce this simply based in the fact that this is the
best algorithm that we could come up with. How can we be sure that there isn't some
clever trick that we haven't discovered? Also, notice thatf is not an arbitrary 2-to-1
function. It is a 2-to-1 with the Simon property, which is a very special structure.
So it's conceivable that a classical algorithm can somehow take advantage of that
structure to �nd a collision in an unusual way.

Theorem 18.1 is true, but it requires a proof. The proof is not as trivial as
the argument that two queries are needed for Deutsch's problem, or that 3 queries
are needed for the 1-out-of-4 search problem. It requires a more careful argument. If

12You may recognize in this analysis the so-called \birthday paradox", where you consider what
the chances are that there are two people in a group of (say) 23 people who have the same birthday.
It's 50%, assuming that people's birthdays are uniformly distributed.
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you're interested in seeing the proof, it is in the next subsection 18.2.1. The proof isn't
particularly hard, but it requires some set-up. Feel free to skip past subsection 18.2.1
on a �rst reading.

18.2.1 Proof of classical lower bound for Simon's problem (Theorem 18.1)

In this section, we prove Theorem 18.1. The proof uses some standard techniques
that arise in computational complexity; however, this account assumes no prior back-
ground in the area.

The �rst part of the proof is to \play the adversary" by coming up with a way of
generating an instance off that will be hard for any algorithm. Note that picking
some�xed f will not work very well. A �xed f has a �xed r associated with it and
the �rst two queries of the algorithm could be 0n and r , which would revealr to the
algorithm after only two queries. Rather, we shallrandomly generate instances off .
First, we pick r at random, uniformly from f 0; 1gn � 0n . Picking r does not fully spec-
ify f but it partitions f 0; 1gn into 2n� 1 colliding pairs of the formf x; x � r g, for which
f (x) = f (x � r ) will occur. Let us also specify a representative element form each col-
liding pair, say, the smallest element off x; x � r g in the lexicographic order. LetT be
the set of all such representatives:T = f s : s = min f x; x � r g for somex 2 f 0; 1gng.
Then we can de�ne f in terms of a random one-to-one function� : T ! f 0; 1gn

uniformly over all the 2n (2n � 1)(2n � 2)(2n � 3) � � � (2n � 2n� 1 + 1) possibilities. The
de�nition of f can then be taken as

f (x) =
�

� (x) if x 2 T
� (x � r ) if x 62T :

We shall prove that no classical probabilistic algorithm can succeed with probability34
on such instances unless it makes a very large number of queries.

The next part of the proof is to show that, with respect to the above distribution
among inputs, we need only considerdeterministic algorithms (by which we mean
ones that make no probabilistic choices). The idea is that any probabilistic algo-
rithm is just a probability distribution over all the deterministic algorithms, so its
success probabilityp is the average of the success probabilities of all the deterministic
algorithms (where the average is weighted by the probabilities). At least one deter-
ministic algorithm must have success probability� p (otherwise the average would
be less thanp). Therefore (because we have a �xed probability distribution of the
input instances), we need only consider deterministic algorithms.
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Next, consider some deterministic algorithm and the �rst query that it makes:
(x1; y1) 2 f 0; 1gn � f 0; 1gn , wherex1 is the input to the query and y1 is the output
of the query. The result of this will just be a uniformly random element off 0; 1gn ,
independent ofr . Therefore the �rst query by itself contains absolutely no information
about r .

Now consider the second query (x2; y2) (without loss of generality, we can assume
that the inputs to all queries are di�erent; otherwise, the redundant queries could be
eliminated from the algorithm). There are two possibilities:x1 � x2 = r (collision) or
x1 � x2 6= r (no collision). In the �rst case, we will havey1 = y2 and so the algorithm
can deduce thatr = x1 � x2. But the �rst case arises with probability only 1

2n � 1 . With
probability 1 � 1

2n � 1 , we are in the second case, and all that the algorithm deduces
about r is that r 6= x1 � x2 (it has ruled out just one possibility among 2n � 1).

We continue our analysis of the process by induction on the number of queries.
Suppose thatk � 1 queries, (x1; y1); : : : ; (xk� 1; yk� 1) have been made without any
collisions so far (i.e., for all 1� i < j � k � 1, yi 6= yj ). Then all that has been
deduced aboutr is that r 6= x i � x j , for all 1 � i < j � k � 1. Therefore, at most� k� 1

2

�
= ( k � 1)(k � 2)=2 possibilities forr have been eliminated (up to one value of

r is eliminated for each pair ofx i and x j ). Since there are 2n � 1 values ofr to begin
with (recall that r 6= 0n ), it follows that there are at least 2n � 1 � (k � 1)(k � 2)=2
possibilities ofr that have not yet been eliminated. When the next query (xk ; yk) is
made, the number of potential collisions arising from it are at mostk � 1 (the number
of previous queries). Therefore, the probability of a collision at queryk is at most

k � 1
2n � 1 � (k � 1)(k � 2)=2

�
2k

2n+1 � k2
: (96)

Let's review the expression on the left side of Eq. (96). For the denominator, there
are at least 2n � 1� (k � 1)(k � 2)=2 possibilities ofr remaining at the point of query
k (assuming that no collisions have occurred yet). And, for the numerator, among
those remaining values ofr , there arek � 1 values ofr that cause a collision to occur
for query xk , namely the values in the setf xk � x1; xk � x2; : : : ; xk � xk� 1g.

Since the collision probability bound in Eq. (96) holds allk, the probability of a
collision occurring somewhere amongm queries is at most the sum of the right side
of Eq. (96) with k varying from 1 to m:

mX

k=1

2k
2n+1 � k2

�
mX

k=1

2m
2n+1 � m2

�
2m2

2n+1 � m2
: (97)
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If this quantity is to be at least 3
4 then

2m2

2n+1 � m2
�

3
4

: (98)

It is an easy exercise to solve form in the above inequality, yieldingm �
p

(6=11)2n ,
which gives the desired bound.

Actually, there is a slight technicality remaining. We have shown that
p

(6=11)2n

queries are necessaryto attain a collision with probability 3
4 ; whereas the algorithm

is not technically required to make queries that include a collision. The algorithm
is only required to deducer , and it's conceivable that an algorithm could deducer
some other way without a collision occurring. But any algorithm that deducesr can
be modi�ed so that it makes one additional query that collides with a previous one.
So we have a slightly smaller lower bound of

p
(6=11)2n � 1, but this is still 
(

p
2n ).

18.3 Quantum algorithm for Simon's problem

Before showing you the algorithm for Simon's problem, I'd like to show you a partic-
ularly useful way of viewing the multi-qubit Hadamard transformH 
 H 
 � � � 
 H
and the structure of f 0; 1gn .

18.3.1 Understanding H 
 H 
 � � � 
 H

To start with, let's look at how H 
 H 
 � � � 
 H = H 
 n (a Hadamard transform on
each ofn qubits) a�ects the computational basis states.

First, for the state j00: : : 0i = j0n i ,

H 
 n j0n i = 1p
2n

X

b2f 0;1gn

jbi : (99)

It turns out that there's this nice expression for applyingH 
 n to any computa-
tional basis statejai (a 2 f 0; 1gn ). It's a uniform superposition of the computational
basis states, but with certain phases.

Theorem 18.2. For all a 2 f 0; 1gn ,

H 
 n jai = 1p
2n

X

b2f 0;1gn

(� 1)a�b jbi ; (100)

wherea � b= a1b1 + a2b2 + � � � + anbn mod 2.
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For example,

H 
 H =
1

p
4

00 01 10 112

6
6
4

3

7
7
5

+1 +1 +1 +1 00

+1 � 1 +1 � 1 01

+1 +1 � 1 � 1 10

+1 � 1 � 1 +1 11

(101)

Note that, for eacha; b2 f 0; 1g2, the sign of entry (a; b) is (� 1)a�b.

Proof of Theorem 18.2.The proof is this simple calculation

H 
 n jai =
�
H ja1i

�

 � � � 


�
H jan i

�
(102)

=
�

1p
2

j0i + 1p
2
(� 1)a1 j1i

�

 � � � 


�
1p
2

j0i + 1p
2
(� 1)an j1i

�
(103)

=
�

1p
2

X

b12f 0;1g

(� 1)a1b1 jb1i
�


 � � � 

�

1p
2

X

bn 2f 0;1g

(� 1)an bn jbn i
�

(104)

= 1p
2n

X

b2f 0;1gn

(� 1)a1b1 � � � (� 1)an bn jbi (105)

= 1p
2n

X

b2f 0;1gn

(� 1)a1b1+ ��� + an bn jbi : (106)

So we have a nice expression for applyingH 
 n on computational basis states. In
particular, notice how an expression that looks like a dot-product of twon-bit strings
(in modulo 2 arithmetic) arises.

18.3.2 Viewing f 0; 1gn as a discrete vector space

Now let's think about the set f 0; 1gn . It's often useful to associate these strings with
mathematical structures, such as the integersf 0; 1; 2; : : : ; 2n � 1g.

But we can also think of the setf 0; 1gn as ann-dimensional vector space, where
the components of each vector are 0 and 1, and the arithmetic is modulo 2 (which
is equivalent to using � for addition and ^ for multiplication). This is di�erent
from a vector space over the �eldR or C. But the set f 0; 1g, with addition and
multiplication modulo 2 (which we'll denoted asZ2), is a �eld , meaning that it shares
some key structural properties that the real and complex numbers have (I won't go
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into the details of these properties here). It's perfectly valid to have a vector space
over a �nite �eld like Z2. The linear algebra notions ofsubspace, dimensionand linear
independence, make perfect sense over such vector spaces.

And this brings us to that dot-product expression that arose in then-fold tensor
product of the Hadamard. For vector spaces overR and C, the dot-product13 is an
inner product, and has useful properties. Two vectors areorthogonal if and only if
their inner product is zero.

Technically, the dot-product in our �nite �eld Z2 scenario isnot an inner product.
An inner product has the property that, for any vectorv, it holds that v � v = 0 if
and only if v = 0 (the zero vector). In our �nite �eld vector space, there are non-zero
binary strings whose inner products with themselves are 0. Can you think of one?
Any binary string with an even number of 1s has dot product 0 with itself.

Nevertheless, this dot product does havesomenice properties. For example, the
space can be decomposed into \orthogonal" subspaces whose dimensions add up to
n. Two spaces are deemed \orthogonal" if every point in one has dot-product 0 with
every point in the other. Here is a schematic picture of a decomposition off 0; 1g3

decomposed into a 1-dimensional space and an orthogonal 2-dimensional space.

Figure 113: Schematic picture off 0; 1g3 decomposed into two orthogonal subspaces.

Of course the picture is really for vector spaces over the �eldR, not the �nite �eld Z2.
So it should just be seen as an intuitive guide, rather than a literal depiction.

o A word of caution: for n-qubit systems, there are two spaces in play. One space
is the n-dimensional discrete vector spacef 0; 1gn which is over the �nite �eld Z2.
This is associated with thelabels of the computational basis states. The other
space is the 2n -dimensional space overC, spanned by the 2n computational basis
states (technically, aHilbert space). Do not con
ate these di�erent spaces! For
example, 00: : : 0 is the zero vector in the �nite vector space. Butj00: : : 0i lives

13In the case of �eld C we need to take complex conjugates one of the vectors in the dot product.
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in the Hilbert space, and it's de�nitely not the zero vector. It's a quantum state,
which is a vector of length one.

18.3.3 Simon's algorithm

Applying de�nition 16.1, the f -queries look like this.

Figure 114: f -query for Simon's Problem.

The f -query acts on 2n qubits and, in the computational basis,f of the �rst n bits
is XORed onto the last n bits. With queries like this, it's not so clear how we can
\query in the phase", as we did for all the quantum algorithms in section 17.

We'll start out di�erently, with all the n target qubits just in state j0i . But we
will put the inputs to f into a uniform superposition of all then-bit strings. And
then we'll perform an f -query.

Figure 115: Beginning of Simon's algorithm.

What's the output state of this circuit? The state right after the query is

1p
2n

X

a2f 0;1gn

jai j f (a)i : (107)

Let's consider this state. It's sometimes said that what makes quantum computers so
powerful is that they can actually perform several computations at the same time. But
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this view is misleading. The state was obtained by making just one single query, and
it appears to contain information about all of the values of the functionf . However,
it's not possible to extract more than one value of the function from this state. In
particular, if we measure this state in the computational basis then what we end up
with is just one pair (a; f (a)), where a is sampled from the uniform distribution. And
you don't need any quantum devices to generate such a sample. You could just 
ip
a coin n times to create a randoma and then perform one query to getf (a).

So howshould we think about quantum algorithms? With a state like that in
Eq. (107), rather than measuring in the computational basis, we can instead|via a
unitary operation|measure with respect to another basis. In some cases, for a well-
chosen basis, we can acquire information about someglobal propertyof f (instead of
the value of f at some speci�c point).

Let's try to �nd a useful measurement basis for the case wheref satis�es the
Simon property. The inputs to the function partition into colliding pairs. It helps
to look at our example in �gure 112 again for reference. It's reproduced here for
convenience.

a f (a)
000 011
001 101
010 000
011 010
100 101
101 011
110 010
111 000

Figure 116: Copy of �gure 112: A function satisfying the Simon property.

Let's de�ne a set T so as to consist of one element from each colliding pair. In the
example, we take one of the two green points, one of the two blue points, one of the
two purple points and one of the two red points. Which one we choose won't matter;
what's important is that there exists such a setT. In the example, we could set
T = f 000; 100; 010; 011g.

Notice that, for each elementa 2 T, the other element of the colliding pair isa� r .
We don't know what r is (that's what we're trying to �nd by the algorithm). But we
know that f satis�es the Simon property and that there existsan associatedr . (In
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the example,r = 101.)
Therefore, if we combine the elements ofT with the elements of the setT � r then

we get all of f 0; 1gn . This enables us to rewrite the state in Eq. (107) as

1p
2n

X

a2 T

�
jai j f (a)i + ja � r i j f (a � r )i

�
; (108)

where we are only summing over the elements ofT, but, for each a 2 T, we include
two terms: one fora and one fora � r .

Now, sincef satis�es the Simon property with the associatedr , for eacha, we
have that f (a) = f (a � r ). That's exactly what the Simon property says. So we can
write the expression in Eq. (108) as

1p
2n

X

a2 T

�
jai + ja � r i

�
jf (a)i : (109)

Suppose that we now measure the lastn qubits in the computational basis. Then the
state of the last n qubits collapses to some valuef (a) and the residual state of the
�rst n qubits is a uniform superposition of the pre-images of that value. That is, the
state of the �rst n qubits becomes

1p
2

jai + 1p
2

ja � r i : (110)

for a random a 2 f 0; 1gn . What can we do with this state? If we could somehow
extract both a and a � r from this state then we could deduce the value ofr (by
taking their XOR, a � (a � r ) = r ). But we can only measure the state once, after
which its state collapses.

If we measure in the computational basis, then we just get eithera or a � r ,
neither of which is su�cient to learn anything about the value of r . We can think
of measuring in the computational basis this way: we �rst randomly choose a color
(that's what happens when we measure the lastn qubits), and then we randomly
choose one of the two elements of that color (that's what happens when we measure
the �rst n qubits). So the net e�ect of all this is to get just a randomn-bit string,
which is devoid of any information about the structure off . So, if we want make
progress than we should de�nitelynot measure the �rst n qubits in the computational
basis.

Something quite remarkable happens if we apply a Hadamard transform to each
of the n qubits before measuring in the computational basis. We can calculate the
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state resulting from the Hadamard transform using Theorem 18.2 as

H 
 n
�

1p
2

jai + 1p
2

ja � r i
�

= 1p
2n +1

� X

b2f 0;1gn

(� 1)a�b jbi +
X

b2f 0;1gn

(� 1)(a� r )�b jbi
�

(111)

= 1p
2n +1

� X

b2f 0;1gn

(� 1)a�b jbi +
X

b2f 0;1gn

(� 1)a�b(� 1)r �b jbi
�

(112)

= 1p
2n +1

� X

b2f 0;1gn

(� 1)a�b
�
1 + ( � 1)r �b

�
jbi

�
: (113)

Why is this interesting? Let's think about what happens if we measurethis state in
the computational basis. Notice that, for eachb2 f 0; 1gn ,

�
1 + ( � 1)r �b

�
=

(
2 if r � b= 0

0 if r � b= 1:
(114)

Therefore, the probability of eachb2 f 0; 1gn occurring as the outcome is

(
1

2n � 1 if r � b= 0

0 if r � b= 1.
(115)

In other words, the outcome of the measurement is a uniformly distributed random
b in the orthogonal complement ofr (that is, for which r � b= 0).

Figure 117: Schematic illustration of r 2 f 0; 1gn and the set f b 2 f 0; 1gn : r � b = 0g.

This b does not produce enough information for us to deducer , but it reveals partial
information about r . Namely that the bits of r satisfy the linear equation

b1r1 + b2r2 + � � � + bn rn � 0 (mod 2): (116)

And we can acquire more information aboutr by repeating the procedure.
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Figure 118: Each execution of this procedure yields a randomb 2 f 0; 1gn such that r � b = 0.

Each execution of the procedure in �gure 118 produces14 an independent random
b 2 f 0; 1gn that is orthogonal to r (in the sense thatr � b = 0). Suppose that we
repeat the processn � 1 times (so the number off -queries isn � 1). Then, combining
the resulting b's, we obtain a system ofn � 1 linear equations (in mod 2 arithmetic)

2

6
6
6
4

b1;1 b1;2 � � � b1;n

b2;1 b2;2 � � � b2;n
...

...
. . .

...
bn� 1;1 bn� 1;2 � � � bn� 1;n

3

7
7
7
5

2

6
6
6
4

r1

r2
...

rn

3

7
7
7
5

=

2

6
6
6
4

0
0
...
0

3

7
7
7
5

: (117)

If the n � 1 � n matrix has rank n � 1 then there is a unique nonzeror solution to
the system, which can be easily found by Guassian elimination. What's the proba-
bility that this matrix has full rank? It turns out that this probability is a constant
independent ofn.

Exercise 18.1. Show that, if each of the rows of ann� 1� n matrix is an independent
sample form the set ofb 2 f 0; 1gn such that b � r = 0, then the probability that the
matrix has rank n � 1 is at least 1

4 .

So we now have a quantum algorithm that makesn � 1 queries in all and succeeds in
�nding r with probability at least 1

4 . This fails with probability at most 3
4 . It's easy

to reduce the failure probability to (3
4)5 < 1

4 by repeating the entire procedure �ve
times.

In conclusion, 
(
p

2n ) queries are necessary for any classical algorithm to attain
success probability3

4 , whereas orderO(n) queries are su�cient for a quantum algo-
rithm to attain success probability 3

4 .

14The outcome of the measurement of the �rst n qubits is the same whether or not the lastn
qubits are measured.
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18.4 Signi�cance of Simon's problem

Now, what should we make of Simon's problem and Simon's algorithm?
It's a black-box problem that was specially designed to be very hard for proba-

bilistic classical algorithms and easy for quantum algorithms|thereby improving on
previous classical vs quantum query cost separations.

classical classical
problem quantum deterministic probabilistic
Deutsch 1 2 2
1-out-of-4 search 1 3 3
Const. vs. balanced 1 2n� 1 + 1 O(1)
Simon O(n) 
(2 n=2) 
(2 n=2)

Figure 119: Summary of query costs for problems considered so far.

But Simon's problem doesn't immediately look like a problem that one would care
about in the real world. When Simon's work �rst came out, people were wondering
what to make of it. Although it provided a very strong classical vs. quantum query
cost separation, it looked like a contrived problem. Moreover, a contrivedblack-box
problem, which is not even a conventional computing problem, involving input data.

This may be one's �rst impression, but there's actually more to it than that. Look
again at the Simon property: for alla, f (a) = f (a� r ). This is kind of like a periodicity
property of a function, which would be written as: for alla, f (a) = f (a + r ). And
periodic functions arise naturally in many contexts. We'll soon see that variations of
Simon's problem in this direction are very fruitful.
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19 The Fourier transform

Up until now, the Hadamard transform H = 1p
2
[ 1 1

1 � 1 ] (acting on qubits) has played
a prominent role in quantum algorithms. There is a natural generalization ofH to
m-dimensional systems, called theFourier transform, which is also very useful for
quantum algorithms.

19.1 De�nition of the Fourier transform modulo m

We begin by considering complex numbers the form

! = e2�i=m ; (118)

which we refer to as(primitive) mth roots of unity. Clearly, ! m = 1. Here's where! ,
and all its powers, lie in the complex planeC.

Figure 120: The powers of! are m equally spaces points on the unit circle inC.

If we sum all these powers of! , we get zero: 1 +! + ! 2 + � � � + ! m� 1 = 0. Can you
see why? Moreover, if we sum all the powers of! k (assuming 1� k � m � 1) we also
get zero.

Exercise 19.1 (Hint: use formula for sum of geometric sequence). Prove that, for
all k 2 f 1; 2; : : : ; m � 1g, it holds that

1 + ! k + ! 2k + � � � + ! (m� 1)k =
m� 1X

j =0

! jk = 0: (119)

What about the powers of! m? Since! m = 1, it's obvious that
P m� 1

j =0 ! jm = m.
Now we can de�ne the Fourier transform modulom.
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De�nition 19.1 (Fourier transform). The Fourier transform modulom is the m � m
matrix

Fm =
1

p
m

2

6
6
6
6
6
4

1 1 1 � � � 1
1 ! ! 2 � � � ! m� 1

1 ! 2 ! 4 � � � ! 2(m� 1)

...
...

...
. . .

...
1 ! m� 1 ! 2(m� 1) � � � ! (m� 1)2

3

7
7
7
7
7
5

: (120)

Note that (after the normalization factor 1p
m ) the �rst column is 1s, the second column

is the powers of! , the third column is powers of! 2 and so on.

Exercise 19.2. Prove that Fm is unitary.

Exercise 19.3. Prove that the inverse Fourier transformF �
m is

F �
m =

1
p

m

2

6
6
6
6
6
4

1 1 1 � � � 1
1 ! � 1 ! � 2 � � � ! � (m� 1)

1 ! � 2 ! � 4 � � � ! � 2(m� 1)

...
...

...
. . .

...
1 ! � (m� 1) ! � 2(m� 1) � � � ! � (m� 1)2

3

7
7
7
7
7
5

: (121)

For all a 2 Zm , applying the Fourier transform Fm to the computational basis
state jai results in the state

Fm jai = 1p
m

m� 1X

j =0

! ja jj i ; (122)

which corresponds to columna of Fm . We call this a Fourier basis state. Similarly,
applying the inverse Fourier transformF �

m to jai results in the state

F �
m jai = 1p

m

m� 1X

j =0

! � ja jj i : (123)

If there are n registers that are eachm-dimensional, and you applyFm to each
register (which isFm 
 Fm 
 � � � 
 Fm = F 
 n

m on the n-register system) then, for all
(a1; a2; : : : ; an ) 2 Zn

m ,

(Fm )
 n ja1; a2; : : : ; an i =
1

p
mn

X

b2 Zn
m

! a�b jb1; b2; : : : ; bn i (124)

(F �
m )
 n ja1; a2; : : : ; an i =

1
p

mn

X

b2 Zn
m

! � a�b jb1; b2; : : : ; bn i ; (125)
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wherea � b = ( a1; a2; : : : ; an ) � (b1; b2; : : : ; bn ) = a1b1 + a2b2 + � � � + anbn mod m. Note
that Eqns. (124)(125) generalize Theorem 18.2 in section 18.3.1 from the modulo 2
case to the modulom case.

19.2 A very simple application of the Fourier transform

We will soon see, in section 21, that it's possible to e�ciently solve the celebrated
discrete log problem(which will be de�ned in section 20) by reducing it to a general-
ization of Simon's problem (section 21.2), where the modulus ism (as opposed to 2).
This generalization can be solved along the lines of Simon's algorithm|using Fourier
transforms in place of Hadamard transforms.

In this section, we consider a very simple query problem where a quantum al-
gorithm that employs the Fourier transform outperforms what any classical query
algorithm can do. The reduction in query cost is modest: the quantum algorithm
makes onef -query; whereas any classical algorithm must make twof -queries. Al-
though this is not a dramatic e�ciency improvement by a quantum algorithm, it
shows the Fourier transform in action in a simple setting, where some of its interest-
ing properties are easy to observe and analyze.

De�nition 19.2 (Linear coe�cient problem) . Let m � 2. Let a; b2 Zm and de�ne
f : Zm ! Zm as

f (x) = ax + bmod m; (126)

for all x 2 Zm . Assume that you are given access to a black-box for the functionf ,
but you are given no other information aboutf . You don't know what the linear
coe�cient a is, nor the additive constantb. Your goal is to �nd the value of the linear
coe�cient a.

It's not hard to see that, in the special case wherem = 2, this is equivalent to
Deutsch's problem (section 17.1). In that case, the four functions are all of the form
of Eq. (126) andf (0) = f (1) if and only if a = 0. Moreover, it is straightforward
to show that, for all m � 2, any classical algorithm for the linear coe�cient problem
problem must make at least twof -queries.

Exercise 19.4. Show that, for classical algorithms,two f -queries are necessary and
su�cient to solve the linear coe�cient problem.
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Next, we will see a quantum algorithm that solves this problem with only one
quantum f -query.

We need to de�ne the notion of aquantum f -query for functions of the form
f : Zm ! Zm . A reasonable de�nition is as the unitary operation that maps each
basis statejxi j yi to

jxi j y+ f (x) mod mi ; (127)

for all x; y 2 Zm . Here is notation for a quantumf -query (which makes sense forany
f : Zm ! Zm ).

Figure 121: Quantum f -query (for f : Zm ! Zm ).

Note the similarity with �gure 95 (for the case wheref : f 0; 1g ! f 0; 1g).
Given the resemblance of the leading coe�cient problem to Deutsch's problem,

we can draw inspiration from the quantum algorithm for that problem (section 17.1),
substituting Fm and F �

m for Hadamard transforms. In fact, our quantum algorithm
will be the following quantum circuit.

Figure 122: Quantum algorithm for the linear coe�cient problem.

Note the resemblance to the quantum circuit in �gure 98; whenm = 2, the two
quantum circuits are identical. Why is the measured output of this quantum circuit
the linear coe�cient a? We will carefully go through then role that each of the Fourier
transforms plays in the computation.

In �gure 98, the Hadamard transform on the second register creates the special
state j�i in the target register of the f -query, so that f -queries have the e�ect of
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querying in the phase:jxi 7! (� 1)f (x) jxi (for x 2 f 0; 1g). An analogue of querying
in the phase forZm -valued registers is to implement a mapping of the form

jxi 7! ! f (x) jxi (128)

(for x 2 Zm ), where! = e2�i=m . This is achieved by setting the second register to the
state

j i = F �
m j1i (129)

=
1

p
m

m� 1X

b=0

! � b jbmod mi : (130)

To see why this causesf -queries to implement the mapping in Eq. (128), �rst de�ne
a mod m generalization of the unitary operationX as the m-dimensional unitary
operation that, in the computational basis, adds 1 modulom to a register. Let's call
this the increment modulom operation and denote it asX m . For all a 2 Zm ,

X m jai = ja + 1 mod mi : (131)

The e�ect of X m on j i (the state de�ned in Eq. (129)) is

X m j i = X m

�
1p
m

m� 1X

b=0

! � b jbi
�

(132)

= 1p
m

m� 1X

b=0

! � b jb+ 1 mod mi (133)

= 1p
m

m� 1X

c=0

! � (c� 1) jc mod mi (134)

= 1p
m

m� 1X

c=0

!! � c jc mod mi (135)

= ! j i : (136)

More generally, we have (X m )k j i = ! k j i (in other words, addingk modulo m to
state j i results in state! k j i ). From this it follows that an f -query applied to state
jxi j  i produces the state! f (x) jxi j  i , thereby implementing a mapping of the form
in Eq. (128) (with respect to the �rst register).
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Following the outline of Deutsch's algorithm (section 17.1) as a guide, the Fourier
transform on the �rst qubit creates the superposition

Fm j0i = 1p
m

�
j0i + j1i + � � � + jm � 1i

�
(137)

= 1p
m

m� 1X

x=0

jxi : (138)

Applying an f -query to this state (with the second register set toj i ), results in the
state

1p
m

m� 1X

x=0

! f (x) jxi = 1p
m

m� 1X

x=0

! ax+ b jxi (139)

= ! b

�
1p
m

m� 1X

x=0

! ax jxi
�

(140)

= ! bFm jai : (141)

Since this state isFm jai (with a global phase of! b), applying F �
m to the �rst

register after the query results in the state! b jai . Applying a measurement to this
�rst register results in a, as required. Therefore, the quantum circuit in �gure 122
does indeed solve the linear coe�cient problem.

19.3 Computing the Fourier transform modulo 2n

The Fourier transform Fm is de�ned in section 19.1. We're interested in computing
Fm e�ciently by a quantum circuit consisting of elementary operations acting on
qubits. There's an elegant way to do this in the case wherem = 2 n . Note that F2n

is a unitary operation acting onn qubits. I will show you a fairly simple quantum
circuit consisting of O(n2) gates that computesF2n .

It's useful to visualize how the powers of a (primitive) 2n -th root of unity ! are
aligned in the complex plane. They are 2n equally spaced points on the unit circle,
and here's what they look like whenn = 3.
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Figure 123: Powers of! , a primitive 8-th root of unity in C.

For a 2n -th root of unity ! , a couple of simple but valuable observations are:

1. ! 2n � 1
= � 1. (For example, in �gure 123,! is an 8-th root of unity and ! 4 = � 1.)

2. ! 2 is a 2n� 1-th root of unity. (In �gure 123, ! 2 is an 4-th root of unity.)

19.3.1 Expressing F2n in terms of F2n � 1

To get a feeling for how this works, let's �rst consider the case wheren = 3. For each
a 2 f 0; 1g3 � f 0; 1; 2; 3; 4; 5; 6; 7g, the corresponding Fourier basis stateF8 jai is

j000i + ! aj001i + ! 2aj010i + ! 3aj011i + ! 4aj100i + ! 5aj101i + ! 6aj110i + ! 7aj111i :

(where the normalization factor 1p
8

is omitted). Question: Are these three qubits
entangled or in a product state? In fact, this state can be written as

j0i 

�
j00i + ! aj01i + ! 2aj10i + ! 3aj11i

�

+ ! 4aj1i 

�
j00i + ! aj01i + ! 2aj10i + ! 3aj11i

�
(142)

=
�
j0i + ! 4aj1i

�



�
j00i + ! aj01i + ! 2aj10i + ! 3aj11i

�
(143)

=
�
j0i + ! 4aj1i

�



�
j0i + ! 2aj1i

�



�
j0i + ! aj1i

�
: (144)

SoF8 jai is a product of three 1-qubit states.
This generalizes toF2n jai , for all n � 1, as follows.

Lemma 19.1. For all n � 1 and a 2 f 0; 1gn ,

F2n jai =
�
j0i + ! 2n � 1aj1i

�

� � �


�
j0i + ! 4aj1i

�



�
j0i + ! 2aj1i

�



�
j0i + ! aj1i

�
;

(145)

where there is a normalization factor of 1
2n= 2 .
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Our quantum circuit for computing the Fourier transform will make use of this
structure. Remember that, if we compute a linear operator that matches the Fourier
transform on all computational basis states then it must be the Fourier transform.

Let's return our attention to the n = 3 case, where the Fourier basis states are

F8 jai =
�
j0i + ! 4aj1i

�



�
j0i + ! 2aj1i

�



�
j0i + ! aj1i

�
; (146)

for all a 2 f 0; 1g3, where! is a primitive 8-th root of unity. Each a = a2a1a0 denotes
an element off 0; 1; 2; 3; 4; 5; 6; 7g in the usual way (a0 is the low-order bit and a2 is
the high-order bit).

a a2a1a0

0 000
1 001
2 010
3 011
4 100
5 101
6 110
7 111

Figure 124: Binary representation of numbers inf 0; 1; 2; 3; 4; 5; 6; 7g.

Consider the state of the �rst qubit in Eq. (146). Since! 4 = � 1, the state of the
�rst qubit simpli�es to j0i + ( � 1)a j1i . Note that this is j+ i when a is even andj�i
when a is odd. The parity of a is determined by its low-order bita0. Therefore the
�rst qubit of F8 jai is simply H ja0i .

What about the remaining qubits? Let j i denote the second and third qubit in
Eq. (146). That is,

j i =
�
j0i + ! 2aj1i

�



�
j0i + ! aj1i

�
: (147)

Now, please look at then = 2 case of the expression in Eq. (145) in Lemma 19.1.
Doesj i look like F4 jai ?

There is certainly a super�cial resemblance; however,j i and F4 jai are notexactly
the same. The stateF4 jai is with respect to a 4-th root of unity|not an 8-th root
of unity. Another di�erence is that F4 acts on 2 qubits; whereas the parametera in
Eq. (147) is a 3-bit integer.
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It will be fruitful to explore in more detail the di�erence between j i and F4 jai .
Let's see what these states look like in terms of the digitsa2a1a0 of the binary represen-
tation of a. We'll use the Greek letter$ to denote the 4-th root of unity ($ = e2�i= 4),
while reserving! for the 8-th root of unity ( ! = e2�i= 8). Note that ! 2 = $ .

If we apply F4 to ja2a1i (the two higher order digits ofa), the result is

F4 ja2a1i =
�
j0i + $ 2[a2a1 ] j1i

�



�
j0i + $ [a2a1 ] j1i

�
(148)

=
�
j0i + ( ! 2)2[a2a1 ] j1i

�



�
j0i + ( ! 2)[a2a1 ] j1i

�
(149)

=
�
j0i + ! 2[a2a10] j1i

�



�
j0i + ! [a2a10] j1i

�
: (150)

In the exponent, I've surrounded the binary representations by square brackets so
that they can be clearly read; the two-digit number in the square brackets is either
0, 1, 2, or 3. Eq. (148) is due to Lemma 19.1. Eq. (149) is due to$ = ! 2. And
Eq. (150) is due15 to 2[a2a1] = [ a2a10].

Now let's expressj i in terms of [a2a1a0]. This is

j i =
�
j0i + ! 2[a2a1a0 ] j1i

�



�
j0i + ! [a2a1a0 ] j1i

�
(151)

=
�
j0i + ! 2[a2a10]! 2a0 j1i

�



�
j0i + ! [a2a10]! a0 j1i

�
: (152)

Comparing Eq. (150) with Eq. (152), we can see precisely where they di�er: the
factors ! 2a0 and ! a0 (highlighted in red). We'll refer to these asphase corrections.

Based on the above observations, let's try to computeF8 ja2a1a0i in terms of
F4 ja2a1i and H ja0i , combined with additional gates that perform phase corrections.
To perform the phase corrections, we introduce the following new 2-qubit gate.

De�nition 19.3 (controlled-phase gate). For any r 2 Z, the 2-qubitcontrolled-phase
gate (with phasee2�i=r ) is de�ned as the unitary operation that, for alla; b2 f 0; 1g,
mapsjai j bi to (e2�i=r )ab jai j bi . The unitary matrix for the gate is

2

6
6
6
4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 e2�i=r

3

7
7
7
5

(153)

and our circuit notation for this gate is shown in �gure 125.

15This is a simple maneuver. It's the binary equivalent of what we do in base ten when we multiply
an integer by ten: we add a zero digit and shift all the other digits left. 10 times 23 is 230.
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