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Abstract

These notes explain the basics of quantum information processing, with
intuition and technical definitions, to anyone with a solid understanding of
linear algebra and probability theory. They are in three parts:

Part I: A primer for beginners
Part II: Quantum algorithms
Part III: Quantum information theory.

The second and third parts can be read in any order. These are used for a course
at the University of Waterloo entitled “Quantum Information Processing” (with
multiple numberings QIC 710, CS 768, PHYS 767, CO 681, AM 871, PM 871).

I have attempted to make the notes accessible to the broad community of
students who usually take this course. As a result, some readers might find the
writing style too chatty in places. Of course, readers can skim over (or skip)
any parts that they already have a good feel for.
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1 Preface

The goal here is to explain the basics of quantum information processing, with in-
tuition and technical de nitions. To be able to follow this, you need to have a solid
understanding of linear algebra and probability theory. But no prior background in
guantum information or quantum physics is assumed.

You'll see how information processing works on systems consisting of quantum bits
(called qubits) and the kinds of manoeuvres that are possible with with them. You'll
see this in the context of some simple communication scenarios, including: state dis-
tinguishing problems, superdense coding, teleportation, and zero-error measurements.
We'll also consider the question whether quantum states can be copied.

Although the examples considered in this part are simple toy problems, they are
part of a foundation. This will help you internalize the more dramatic applications
in quantum algorithms and quantum information theory, that you'll see in the later
parts of the course.

If you feel that you are past the beginner stage, please consider looking
at section 5, where we consider questions about communicating a trit using
a qubitjand there is some subtlety with that.
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2 What is a qubit?

In this section we are going to see how single quantum bits|called qubits|work.
Some of you may have already seen that the state of a qubit can be represented as a
2-dimensional vector (or a 2 2 \density matrix"). Since there are a continuum of
such possible states, it is natural to ask:

Is a qubit digital or analog?
How much information is there in a qubit?

Please keep these questions in mind, as we work our way from bits to qubits.

2.1 A simple digital model of information

To begin with, please take a moment to consider how to answer the question:

What is a bhit?
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Although a valid answer is that a bit is an element of 0; 1g, I'd like you to think
of a bit in an operational way, as asystemthat can store an element off 0; 1g and
from which the information can beretrieved There are also other operations that we
might want to be able to perform on a bit, such as modifying the information stored
in it in some systematic way.

| happen to own a little 128 gigabyte USB ash drive that looks like this.

Figure 1: My 128 GB USB ash drive.

Think of a bit as a ash drive containingjust one single bit of information Let the
blue box in gure 2 denote such a system.

Figure 2: Think of a bit as a USB drive containing one single bit of information.

We will imagine a few simple devices that perform operations on such bits. First,
imagine a device that enables us teet the value of a bit to O or 1.

Figure 3: A set device enables us to set a bit to 0 or 1.

We plug our bit into that device and then we push one of the two green buttons to
set the state to either 0 or 1. Suppose we push the button on the left to set the state
to 0.

Later on, we (or someone else) might want to read the information stored in a bit.
Imagine aread device that enables this.

13



Figure 4: Plug a bit into a read device and push the activation button to see it's value.

We can plug the bit into that device and then push the activation button. This causes
the bit's value to appear on a screen, so that we can see it.

A third type of device is one that transforms the state of a bit in some way. For
example, for aNOT device, we plug the bit in and, when we push the button, the
state of the bit ips (0O changes to 1 and 1 changes to 0).

Figure 5: A NOT device enables us to ip the value of a bit.

This transformation is calledNOT because it performs a logical negation, where we
associate 0 with \false" and 1 with \true". Note that, for this kind of operation,
we don't care about seeing what the value of the bit is, as long as that value gets
negated.

OK, that's more or less what conventional information processing is like|albeit
with many more bits in play and much more complicated operations.

2.2 A simple analog model of information

Next, let's consider an analog information storage system. It has a continuum of
possible states (perhaps a voltage that can be anywhere within some range). We can
abstractly think of the state of the system as any real number between 0 and 1 (that
is, in the interval [0; 1]). We'll use a di erent color to distinguish this from the bit.

Figure 6: An analog USB drive that stores a value in the interval [Q 1].

14



Let the red box in gure 6 represent such a system, an analog memory.
Imagine a device thatsets the state of the analog memory. We plug our system

Figure 7: An analog set device.

into it. Suppose that there is some kind of dial that can be continuously rotated to
specify any number between 0 and 1. Then we press the activation button and the
state of the system becomes the value that we selected.

We can also imagine reading the state of such a system. Here thad device has

Figure 8: An analogread device.

an analog display depicted as a meter. When we press the button the needle goes to
a position between 0 and 1, corresponding to the state.
And we can also imagine an analoggansformation that, when activated, applies

Figure 9: An analogf -transformation device.

some functionf : [0;1]! [O; 1] (for example, mappingx to x> or x to 1 X).

The real numbers are a mathematical idealization. In any implementation, there
will be a certain level of limited precision for all of the operations. But such analog
devices can be useful even if their precision isn't perfect. Moreover, in principle,
one could make the level of precision very high. The resulting system may be very
expensive to manufacture, but it could contain a lot of information.

15



2.3 A simple probabilistic digital model of information

Before considering quantum bits, let's introduce randomness into our notion of a bit.

Suppose that the state of our bit is the result of some random process, so there's
a probability that the system is in state 0 and a probability that it's in state 1. Of
course the probabilities are greater than or equal to O and they sum to 1. Let's put
aside the question of what probabilities really mean. I'm going to assume that you
already have some understanding of this.

Now imagine a new kind of device taandomly set the value of a bit, where
some probability value, between 0 and 1, is selected by rotating a dial (within some
precision, of course).

Figure 10: A probabilistic set device.

When we activate, the bit gets set to 1 with the probability that we selected; and
otherwise it gets set to 0.

Now, from our perspective, if we know how the dial was set, there's a specic
probability distribution, with components py and p;, and the state of the system is
best described by this probability vector

Po .

P @
But note that the actual state is either 0 or 1 (we just don't know which). The
probability vector is a useful way for us to think about the state given what we know
(and don't know).

Notice that the probabilistic digital model has an analog avour. There are a
continuum of possible probability distributions. The set device for analog ( gure 7)
and the set device for probabilistic digital ( gure 10) are super cially similar: they
both have a dial for selecting a value between 0 and 1. However, what the devices
actually do is very di erent.

Suppose that, later on, we insert our bit into a read device|which is the same
read device as in gure 4. After we press the activation button, the actual value of

16



the bit appears on the screen. Once we see the value of the bit, we change whatever
probability vector we might have associated with it: the component corresponding
to what we saw becomes 1 and the other component becomes 0. Let's refer to this
change as the \collapse of the probability vector".

Note that, if we activate the read device a second time we will just see the same
value we saw the rst time|as opposed to another independent sample. To be clear,
what the bit contains is the outcome of the original random process for setting the
bit. It does not contain information about the random process itself.

Also, if we didn't know what probability values p, and p; were used when the bit
was set then reading the bit does not provide us with those values. After reading the
bit, all we can do is make some statistical inferences. For example, if the outcome
of the read operation is 1 then we can deduce thg could not have been 0. This
is very di erent from the analog model, where we can actually see the value of the
continuously varying parameter using a read device.

There are also transformations, like theNOT operation, and, more generally, any
2 2 stochastic matrix makes sense as a transformation.

Figure 11: A stochastic transformation, where S is some stochastic matrix.

A 2 2 stochastic matrix is of the form

Soo So1 . )

S10 S11

wheresgo; So1;S10; 811 0, Soo+ S10 =1, So1+ S11 = 1. In other words, each column of
S is a valid probability distribution. Applying S changes state 0 to{] and state 1
to [ ]. If our knowledge of the state is summarized by the probability distribution
B0 ] then applying S changes our knowledge t&[F° 1.
OK, that's essentially what information processing with bits is like when we allow
random operations (again, with many more bits in play and much more complicated
operations).

17



2.4 A simple quantum model of information

So how doquantum bits t in? Are quantum bits like probabilistic bits or are they
like analog? In fact, they are neither of these. Quantum information is an entirely
di erent category of information. But it will be worth comparing it to probabilistic
digital and analog.

A quantum bit (or qubit) has aprobability amplitudeassociated with 0 and with 1.
Probability amplitudes (called amplitudesfor short) are di erent from probabilities.
They can be negative|in fact they can be complex numbers. As long as they sat-
isfy the condition that their absolute values squared sum to 1. In other words the
amplitude vector, written here with components o and 4, is a vector

0 2c? (3)
1
whose Euclideah length is 1 (also called aunit vector).

OK, that's a de nition, but it's natural to ask: what do these amplitudes actually
mean? Our approach to answering this question will b@perational What | mean
by this is that we'll consider what happens to qubits when basic operations similar
to set, read, and transform are performed. We'll develop an understanding of qubits
by seeing them in action.

Later on, it will become clear that, unlike with probabilities, the explicit state of
a qubit is not O or 1; it works better to think of the amplitude vector [ ¢] as the
explicit state In this one respect, quantum digital states resemble our analog system,
where the explicit state is the continuous value.

Now, let's see qubits in action. We have our quantum memory, which we will
denote as a purple box, containing a qubit.

Figure 12: A gquantum memory containing a qubit.

To begin with, imagine a device that enables us tget the state of a qubit to any
amplitude vector.

1The Euclidean length of a vector [ °] is de ned asIO i o2+ )4
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Figure 13: Plug the qubit into a set device, set the dials, and then push the activation button to
set the state of the qubit.

The device has two dials that we can rotate. Why two? Because there are two real
degrees of freedom for all amplitude vectors: the amplitudes and ; (which are
complex numbers) can be expressed in a polar form

o=sin( ) (4)
1= € cos() (5)

which is in terms of tw& angles. So we can tune the two dials to specify any state
(within some precision), and then we press the activation button and the qubit is set
to the state that we speci ed.

Next, the quantum analogue of the read device is called theeasuredevice.

Figure 14: Quantum measure device.

We're going to consider this device carefully. Recall that the state of the qubit is
described by an amplitude vector [°]. What happens during a measurement is:

1. The outcome displayed on the screen is either a 0 or a 1, with respective prob-
abilities the j ¢j2 andj 1j°. Note that this makes perfect sense as a probability
distribution, because these quantities sum to 1.

2. Also, the amplitude vector \collapses" towards the outcome in a manner similar
to the way that a probability vector collapses when we read the value of a bit.
The amplitude for the outcome becomes 1 and the other amplitude becomes 0.

2Perhaps you noticed that there are actuallythree degrees of freedom; however, it turns out that
one of them doesn't matter (this will be explained in section 6.5).

19



This is depicted in Figure 15.

Figure 15: When a measure device is activated, there are two possible outcomes.

For example, suppose we press the button and the outcome is 0 (an outcome that
occurs with probability j ¢j2). Then 0 is displayed on the screen and the state of the
qubit changes from [?] to [§]. The original amplitudes o and ; are lost. In this
sense, the measurement process is a destructive operation. And there's no point in
measuring the qubit a second time; we would just see the exact same result, 0, again.

It should be clear that, if we don't know the state [ ¢] of a qubit, then measuring
it does not enable us to extract the amplitudes o and ;. In this respect, qubits
resemble the bits in our probabilistic digital system.

Considering these two operations, set and measure, you might wonder: what's
the point of these amplitudes? Amplitudes seem to be kind of like square roots of
probabilities. When we measure, the absolute values of the amplitudes are squared
and we get a probabilistic sample. So what is the point of taking those square roots?
In fact, if we stopped with these two operations, set and measure, then qubits would
be essentially the same as probabilistic bits.

But qubits are interesting because we can also perform transformations like rota-
tions on amplitude vectors, which essentially change the coordinate system in which
subsequent measurements are made. Note that, if you rotate a vector of length 1, it's
still a vector of length 1, so the validity of quantum states is preserved. In fact, the
allowable transformations areunitary operations, which are kind of like \generalized
rotations”, and include operations like re ections too. IfU is a specic 2 2 unitary
matrix then Figure 16 shows how we denote the device that performs the operation
\multiply the state vector by U."

20



Figure 16: A unitary operation, whereU is a 2 2 unitary matrix, transforms a state by U.

We'll shortly see (in section 3.2) a formal de nition ofunitary and some interesting
manoeuvres involving unitary operations in subsequent sections.

Together, these three kinds of operations|set, measure, and unitary|are es-
sentially the building blocks of quantum information processing. We'll see that all
the strange and interesting feats that can be performed in quantum information
and quantum computing are based on these operations|and similar ones involving
more qubits.

Finally, a comment about terminology. What I've been calling \probabilistic"
is commonly known as \classical". The word \classical" is a reference to classical
physics, the physics that existed before the advent of quantum physics. So we have
classical information and classical bitsvs. quantum information and qubits
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3 Notation and terminology

We now have a basic picture of how qubits work. But there are a few details to Il in,
and we'll spend a little time with that. And then we'll consider the question of how
much classical information can be communicated using a qubit (in section 5). There
will be a surprise application, which is a concrete problem for which one single qubit
can accomplish something that cannot be accomplished with one single classical bit.

3.1 Notation for qubits (and higher dimensional analogues)

First, let's brie y go over some notation and further terminology. Recall that the state
of a qubit is its amplitude vector, a unit vector [ °] 2 C2. This state is commonly
denoted using thebra-ket notation as ¢j0i+ 1jli (it's also called theDirac notation,
after Paul Dirac). The strange looking parentheses (with the angle bracket on the
right side) are calledkets and jOi and jli are shorthand for the basis vectors, which
are orthonormal (whereorthonormal means orthogonal and of unit length). Figure 17
illustrates the geometric arrangement of the vector®i, j1i, and jOi+ 1jli = ?]
for a generic quantum state vector.

Figure 17: Geometric view of the computational basis stateg0i, j1i, and a superposition [ 9].

Note that gure 17 is a schematic because [] 2 C?, rather than R?. The basis

vectorsj0i and j1li are commonly referred to as the&eomputational basis statesFor

guantum states, the linear combinations ¢jOi + 1j1i are also calledsuperpositions
More generally, in higher-dimensional systems (which will come up shortly), any
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symbol within a ket denotes a column vector of unit length, like
2 3

ji= 2 L, (6)

whereP Ly giz=1

A bra is like a ket, but written with the angle bracket on the left side, and it
denotes the conjugate transpose of the ket with the same label. Taking the conju-
gate transpose of a column vector yields a row vector whose entries are the complex
conjugates of the original entries, like

hj= o 1 2 d 1 - (7)

A bra is always a row vector of unit length.
The inner product of a two kets is written as a bra-ket, orbracket which can be
viewed as shorthand for the product of a row matrix with a column matrix. If
2 3

ji=f 21: (8)

then the inner product ofj i andj i is the bracket

2
0
1
hji=hjji= o 1 > d 1 2 9)
d 1
¥ 1
= k k- (10)
k=0

Recall that, for inner products of complex-valued vectors, one takes the complex
conjugates of the entries of one of the vectors.
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3.2 A closer look at unitary operations

Let U be a square matrix. Here are three equivalent de nitions of unitary.

The rst de nition is in terms of a useful geometric property: U is unitary if it
preserves angles between unit vectors. For any two states, there is an angle between
them, which is determined by their inner product, and the property is expressed in
terms of inner products.

De nition 3.1. A square matrix U is unitary if it preserves inner products. That
is, for all j ;i andj »i, the inner product betweerlJ ;i and Uj ,i is the same as
the inner product between ii andj »i.

The second de nition makes it easy to recognize unitary matrices.

De nition 3.2. A square matrixU is unitary if its columns are orthonormal (which
is equivalent to its rows being orthonormal).

Some well-known examples of 2 2 unitary matrices are: therotation by angle

_cos() sin( )
R = sin()  cos() (11)

and the Hadamaurd transform
; (12)

which is not a rotation (but H is are ection ). Three further examples are thePaul
matrices’

0 1 1 0 0 i
X = ; Z= ; and Y = | : 1
. and - (13)
The Pauli X is sometimes referred to ashit ip (or NOT operation), sinceX jOi = jli
and X j1i = jOi. Also, Z is sometimes referred to as phase ip.
The third de nition of unitary, is useful in calculations and is commonly seen in
the literature.

De nition 3.3. A square matrixU is unitary if U U = |, whereU is the conjugate
transposé of U (the transpose ofU with all the entries conjugated).

3An older notation for the Pauli matrices, commonly used in physics, is x, v, and 2.
4An alternative notation for U , commonly used in physics, isUY.
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It remains to show that the above three de nitions of unitary are equivalent:

Exercise 3.1 (fairly straightforward) . Show that the above three de nitions of unitary
are indeed equivalent.

3.3 A closer look at measurements

Now, let's look at measurements again. Let our qubit be in some statg jOi+ ;jli =
[ 9] (Wherej ¢j2+ | 1j?> =1). Then the result of the measurement is the following:

"~ With probability j oj?, the outcome is 0 and the state collapses §0i.
"~ With probability j 1j2, the outcome is 1 and the state collapses fdi.

Let's look at this geometrically, in gure 18.

Figure 18: The outcome probabilities of a measurement depend on the projection lengths squared
on the computational basis states.

We have a 2-dimensional space with computational basi8 and jli. An arbitrary
state has aprojection on each basis state. What happens in a measurement is that
the state collapses to each basis state with probability equal to the projection-length
squared.

The geometric perspective suggests some potential variations in our de nition of
a measurement. For example, there's no fundamental reason why the computational
basis states should have special status. We can imagine basing a measurement on
some other orthonormal basis, di erent from the computational basis. For example,
consider the orthonormal basig o andj i in gure 19.

25



Figure 19: Measurement with respect to an alternative basisj oi andj ji.

Any state has a projection on each basis vector and, although the projection lengths
squared are dierent for this basis, they still add up to 1. We carde ne a new
measurement operation that projects the state being measurgdi to each of these
basis vectors with probability the projection lengths squared:

"~ With probability jh j oij 2, the outcome is 0 and the state collapses §0i.
"~ With probability jh j 4ij?, the outcome is 1 and the state collapses §01i.

One way of thinking about what unitary operations do is that they permit us to
perform measurements with respect to any alternative orthonormal basis. We have
our basic measurement operation (which is with respect to the computational basis).
If we want to perform a measurement with respect to a di erent orthonormal basis
] oi = UjOi andj i = Ujli then we carry out the following procedure:

1. Apply U to map the alternative basis to the computational basisjQi andjli).
2. Perform a basic measurement (with respect to the computational basis).
3. Apply U to appropriately adjust the collapsed state (to one of o andj ;ii).

So that's a nice way of seeing the role of unitary operations: they change the coordi-
nate system, thereby releasing us from being tied to measuring in the computational
basis.

A nal comment here is that there are more exotic measurements than this, where
the state is rst embedded into a larger-dimensional space. Then a unitary operation
and measurement are made in that larger space. We'll be seeing these types of
measurements later on, after we get to systems with multiple qubits (in section 8.4).
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4 Introduction to state distinguishing problems

Now, let's consider a simple problem involving qubits. De ne theplus state and
minus state as

j*i = #5j0i + el (14)
ji =+#5j00 ehjli: (15)

What happens if a qubit in one of these states is measured? Keri, since the square

Figure 20: Geometric depiction of the statesjOi, j1i, j+i, andji .

of e is 3, the outcome is O with probability 3 and 1 with probability 5. For ji ,
since the square of pl—é is also3, it's the exactly the same probability distribution.

Now, suppose that we're given a qubit whose state ppomisedto be eitherj+i or
j1 , but we're not told which one. Is there a process for determining which one it is?

The rst observation is that just doing a basic measurement (which is in the
computational basis) is useless. For either state, the result will be a random bit, with
probabilities 1 and 3. There's no distinction.

But, since we can perform unitary operations, we are not shackled to the compu-
tational basis. We can apply a rotation by angle 45 degrees. This mapsi to j1i and
ji tojOi. Then we measure in the computational basis, whigberfectly distinguishes
between the two cases.

Here's another, more subtle, state distinguishing problem to consider. Suppose
that we are given either thejOi state or the j+i state. We're promised that the state
is one of these two, but we're not told which one. Note that the angle between these
states is 45 degrees. Can we distinguish between these two cases?

The problem with distinguishing between thgjOi state and thej+i state is that
they are not orthogonal|so there's no unitary that takes one of them tojOi and the
other to j1i (otherwise De nition 3.1 would be violated). And, in fact, there is no
perfect distinguishing procedure.
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It turns out that two states can be perfectly distinguished if and only if they are
orthogonal. I'm stating this now without proof, but in [Part 3: Quantum information
theory, section 4.5] we'll see some tools that make it easy to prove this.

But, although we cannot perfectly distinguish between th¢0i state and thej+i
state, we might want a procedure that at least succeeds with high probability. Let's
consider this problem.

First note that there is a very trivial strategy, which is to output a random bit
(without even measuring the state). This succeeds with probabilit;é. So success
probability % is a baseline. Can we do better by making some measurement?

What happens if we measure in the computational basis? The sensible thing to
do in that case is to guess \0" if the outcome is 0 and guess \+" if the outcome is 1.
How well does this strategy perform? Its success probability depends on the instance:
it's 1 for the case ofj0i and 3 for the case ofj+i. We'll next discuss two natural
overall measures of success probability.

One measure is theverage-case success probabilityhich is respect to some prior
probability distribution on the instances. Suppose that this prior distribution is the
uniform distribution (so the scenario is that | ip a fair coin to determine which of the
two states to give you and your job is to perform some sort of measurement on that
state and guess which state | gave you). With respect to this performance measure,
the success probability of the above strategy i5 1+ 1 1 = 2. Notice that this is
better than the baseline of;.

Another overall measures of success probability is thveorst-case success probabil-
ity, which is the minimum success probability with respect to all instances. Notice
that the worst-case success probability of the above strategy %s which is no better
than the trivial strategy.

Another strategy is to rotate by 45 degrees and then measure (and guess \0" if the
outcome is 0 and guess \+" if the outcome is 1). The performance of this strategy
is complementary to the strategy of measuring with respect to the computational
basis: it succeeds with probability% for the case ofi0i and probability 1 for the case
of j+i. The average-case success probability of this isand the worse case success
probability is 3.

Can we improve on this?

Exercise 4.1 (fairly straightforward). Can you think of a simple way of combining
the two strategies above to attain aorst-casesuccess probability oﬁ?

In fact, there is a better strategy than all of the strategies considered so far.
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Exercise 4.2 (highly recommended if you have not seen this beforelfrind a strat-
egy for distinguishing betweenOi and j+i whose worst-case success probability is
cog(=8)=0:853::

In the information theory part of the course, we will be able to prove that cd$ = 8)
is the best worst-case performance possible for distinguishing betwg@nand j+i .
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5 On communicating a trit using a qubit

Remember one of the questions posed at the beginning of section 2: How much
information is there in a qubit? On one hand, a qubit can be in a continuum of
explicit states, so the amount of information needed t@pecify a quantum state is
huge|or even in nite, when the precision is perfect. But the measurement operation
is very severe, yielding only a discrete outcome like O or 1, so we cannot \read out"
the continuous value.

Let's devise a clear question about storing information that we can analyze. A
gubit can obviously store a bit (representing 0 agdi and 1 asjli), but suppose we
want to use it to store more information than one bit. The smallest upgrade we could
ask for is to store atrit, which is an element of 0; 1; 2g. Can a qubit store a trit?

To make the scenario clear, suppose there are two parties, A and B, that we'll
personify and refer to as Alice and Bob.

Figure 21: Scenario for Alice conveying a trit to Bob by sending a qubit.

Alice receives a trita 2 f 0; 1; 2g as input and the goal is to convey this information
to Bob. Assume Alice is only allowed to send one qubit to Bob, from which he should
extract the value of the trit a. Can this be done?

To begin with, note that if Alice can only send Bob a classical bit then this is not
su cient; please take a moment to convince yourself of this.

But can sending aqubit outperform sending a bit? One idea is for Alice to encode
the trit as one of the so-calledrine states. These are three amplitude vectors in two
dimensions with an equal angle of 120 degree%‘r (radians) between them:

j of = jOi (16)
p-

jid= 1j0i + 2l (17)
p_

j o= 10 SPjli: (18)
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Figure 22: The three trine states.

This is as close to orthogonal as you can get when three vectors are constrained to
two dimensions. So suppose that Alice sends Bob the trine state corresponding to
her trit. Can Bob extract the trit from this state it by some measurement process?
Please feel free to pause to think about this ...

OK, since the three trine states are not orthogonal there's no way to perfectly
distinguish between them. For example, there isn't even a way to distinguish between
the rst two trine states (so Bob can't even perfectly distinguish between the trit being
0 or 1 using this kind of strategy).

Of course there are other strategies that are not based on the trine states. Let's
consider the broadest question here: Is thewny advantage to sending a qubit over
a bit for this communication problem?

Recall that in section 4 we discussedverage-caseind worst-casesuccess proba-
bilities for the problem of distinguishing betweerjOi and j+i. We'll look at commu-
nication strategies from these two perspectives|and the results will be di erent.

5.1 Average-case success probability

Here, the underlying assumption is that there is some known probability distribution
from which Alice's input trit arises. For example, it could be the uniform distribu-
tion, where each trit value arises with probability%. Then the average-case success
probability of any strategy of Alice and Bob is the weighted average of the three
success probabilities.

As a warm-up, let's consider this simpleclassical bit strategy.

Figure 23: A classical bit strategy for Alice conveying a trit to Bob.
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Alice receives her trit and she encodes 0 as 0, 1 as 1, and 2 also as 1. Then Bob
decodes to 0 to 0 and 1 to 1. This obviously succeeds for inputs 0 and 1, but fails
miserably for input 2. If the input is a uniformly distributed trit (with probabilities £,
£, and 1) then the probability of success i<, which turns out to be the best possible
when Alice sends Bob a classical bit.

There's a very famous theorem in quantum information theory, called Holevo's
Theorem|which actually dates back to 1973! I'm not going to state the theorem here,
but very roughly speaking it says that \classical information cannot be compressed
by encoding into quantum information”. In our scenario: \in the average-case success
probability model, a qubit cannot communicate any more than a bit can.”

There's a simpli ed version of the statement, due to Ashwin Nayak|it's simpler
to state and simpler to prove (though I will not give a technically precise statement of
the result here). | will just state that, for our problem, it implies that the best average-
case success probability of qubit strategy is % Thus, sending a qubit performs no
better than a bit, which can also attain average-case success probabilgy

Moreover, if there were di erent probabilities associated with 0, 1, and 2 then the
conclusion would be similar: there is an optimabit strategy, obtaining the maximum
possible average-case success probability, andubit strategy cannot do any better.
As long as the probability distribution of the inputs is known, the bottom line is that
a qubit cannot outperform a bit in average-case success probability.

So it might appear that the matter is settled: a qubit cannot contain any more
information than a bit. But, it's not quite as simple as that. All the discussion so far
has been for average-case success probability. Something surprising happens when we
consider worst-case success probability.

5.2 Worst-case success probability

For any given strategy, this is de ned as smallest success probability for all inputs
(instead of the average of the success probabilities). This framework makes sense
if Alice and Bob have no idea what distribution Alice's input trit will arise from.
Whatever strategy they come up with, the trit could be the case where their strategy
performs the worst.

Consider the classical bit strategy that we saw in gure 23, whose average-case
success probability i%. What's its worst-case success probability? For the worst-case
instance, the success probability is zero! If the trit is 2 then Bob produces the wrong
value for sure!
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But the worst-case success probability can be improved E})as follows.

Figure 24: Another classical bit strategy for Alice conveying a trit to Bob.

Bob decodes a tandomly to either 1 or 2. Notice that this bit strategy has worst-case
success probability.

Success probability% may seem like pretty weak performance. But if there were
no communication from Alice to Bob then the best success probability for Bob would
be % So the bit strategy is achieving something: it increases Bob's success probability
from 3 to 3.

As | was preparing this part of the course, | wondered what theptimal worst-
case success probability is for a classical bit strategy. | couldn't think of any better
strategy than the one given here; on the other hand, | also couldn't prove th%t IS
the best possible.

By the way, the model that I'm considering is localized randomness. Alice can
probabilistically map her trit to a bit, and then, when Bob receives the bit at his end,
he can also probabilistically generate a trit from it. So Alice and Bob can both employ
randomness in their strategy.But in my model I'm assuming that they have separate
sources of randomness and thaheir random choices are stochastically independent
Their randomness is uncorrelated.

Well, | eventually gured it out, and it was easier than | rst thought. | also
thought about the optimal worst-case success probability afubit strategies. What's
remarkable is that the worst-case success probability can be higher for a qubit strategy
than possible with a bit strategy! The advantage is not enormous, but this shows
that there is a sense in which a qubit can store more information than a.bive have
a scenario where a single qubit can achieve something that a single bit cannot.

OK, so what are the speci c maximum success probabilities for bit strategies and
for qubit strategies, and how are they obtained? I'd likezou to think about this, and
I'm posing these as challenge questions for you.

Exercise 5.1 (challenging) What's the maximum success probability of a classical
bit strategy? (Alice and Bob can both act randomly, but their randomness must be
uncorrelated.)
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Exercise 5.2 (challenging) What's the maximum success probability of a qubit strat-
egy? (Bob is allowed to measure in a higher dimensional space.)

Remember that, for bit strategies, we're allowing random behavior for Alice and for
Bob, but their random sources must be uncorrelated. Also, for the case of qubit
strategies, there is some subtlety to this question. If you tackle exercise 5.2, you
should consider the exotic measurements that | only mentioned in passing (they are
explained in section 8.4). Bob can add a second qubit in staji to the qubit he
receives from Alice and then perform a two-qubit unitary operation, and then measure
the two qubit system. In the next section, we consider systems with multiple qubits.
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6 Systems with multiple bits and multiple qubits

Up until now, we have considered systems of a single bit and a single qubit. Let's
consider the case of multiple bits and qubits.

6.1 De nitions of n-bit systems and n-qubit systems

Our de nitions for bits and qubits extend naturally to n-bit systems andn-qubit
systems, by taking 2-dimensional vectors instead of 2-dimensional vectors.

For n classical bits, there are 2 possible values, and a probabilistic state has a
probability p, associated with everyn-bit string x 2 f O; 1g”P Of course, since these
are probabilities, we have: for alx 2 f0;1g", pc O and 535 Px = 1. These
probabilities constitute a 2'-dimensional probability vector.

For B guantum bits, there are 2 amplitudes: , 2 C, for eachx 2 f0;1g"
(where 50140} x? = 1). These amplitudes constitute a 2-dimensional state
vector (which is a unit vector).

Note that, although the focus of attention in quantum information processing
is usually onn-qubit systems, it's completely valid to consider systems whose states
have dimensions other than powers of 2. For examplegaantum trit (qutrit) has a 3-
dimensional state vector of the form ¢jOi + 1jli+ j2i (with j oj?+j 1j%+] 2j2=1).

The set of all probability vectors is asimplex which is illustrated for the case of
three dimensions as a triangular region.

Figure 25: Simplex of all possible 3-dimensional classical (probabilistic) states.

The set of all valid quantum state vectors is ahypersphere which is all points of
distance 1 from the origin.
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Figure 26: Hypersphere of all possible 3-dimensional quantum states.

There are 2 (orthonormal) computational basis states, denoted as-bit strings
within kets. For n = 3, these states are

j00a ; jO01 ; jOo1da; jOl11; j104 ; j10%; j11G; j11% . (19

Note that we can write an n-qubit state vector as a linear combination of the 2
computational basis states, as

X
x JXi ; (20)
x2f 0;1g"
where
X
j (=1 (21)
x2f 0;1g"

As with single qubits, what's important is the operations that can be performed
on them. We'll consider unitary operations and measurements.

Unitary operations are 2 2" unitary matrices, acting on the 2-dimensional
state vectors (unitary matrices were de ned in section 3.2).

Measurements have 2 outcomes, corresponding to the "2computational basis
states. Each basis state outcome occurs with probability the absolute squared of its

amplitude. Thus, when a measurement is applied to the state
X

x JXi ; (22)
x2f 0;1g"
what happens is: anoutcomex 2 f 0; 1g" occurs with probability j ,j? and the state
of the system changes to the computational basis stajei .
So far, everything is the same as for bits and qubits, except witH' Zlimensions
instead of two dimensions. But there's more to it than that. There is structure among
subsystems.
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6.2 Subsystems of n-bit systems

First, let's consider how subsystems work for the case of a classinabit system. It
can be viewed as one system (shown here as a rather bloated USB memory stick)

Figure 27: An n-bit system can be viewed am separate 1-bit systems.

whose state can be described as &-8imensional probability vector. But we can also
view the n-bit system asn separate 1-bit systems. Let's explore that.

We can consider the state of every subset of the bits. We have a probability
vector for the entire system. For three bits it would be this 8-dimensional vector

2 3
Pooo

Poo1
Po1o
Po11
P100
P1o1
P110
P111

(23)

What's the state of the rst bit? The probability that the rst bit is O is the sum

of the rst four probabilities (all cases where the rst bit is 0), and the probability
that it's 1 is the sum of the last four probabilities. In this manner, we can deduce
the probability vector for the rst bit to be

Pooo + Poo1 + Poio + Poir .

: (24)
Pioo + P1o1 + P10+ Pr1z

By similar reasoning, we can deduce the probability vector for any other subset of the
bits. In the language of probability theory, these are calledharginal distributions.
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Also, an operation can act on a subset of the bits. For example, if there are three
bits, it makes sense to apply an operatioto the rst bit. For example, think of how
applying aNOT operation to the rst bit a ects the 8-dimensional probability vector
in Eqg. (23). It permutes the probabilities, resulting in the vector

2 3
P100

P1o1

P110

P1117 .

boos (25)
Poo1

Po1o

Po11

It should be clear that, to apply aNOT operation to the rst bit, one only needs to
be in possession of the rst bit. This operation is local to the rst bit.

And operations can be similarlylocal to various other subsets of the bitsData ow
diagrams are a useful way of illustrating localizations of operations, and their evolu-
tion in time. Figure 28 is an example of a data ow diagram.

Figure 28: A data ow diagram of a 3-bit system. First, operation S is applied to the rst bit. Then
operation T is applied jointly to the second and third bits. Finally, operation U is applied to the
rst and second bits.

6.3 Subsystems of n-qubit systems

Now we consider subsystems in the context of anqubit system. An n-qubit system
can be viewed as one system (shown in Figure 29 as a bloated quantum USB memory).
But it can also be viewed asn separate 1-qubit systems.
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Figure 29: An n-qubit system can be viewed as separate 1-qubit systems.

Can we consider the state of every subset of tlequbits? Consider a 3-qubit system

with 8-dimensional state vector
2 3

000
001
010
01z . (26)
100
101
110
111

What's the state of the rst qubit? Nawely, we could try summing the rst four and
the last four amplitudes, as we did for probabilities. But that doesn't work. In fact,
for the state vector

2 3
pl—g
B
pl—g
"5 (27)
p%
p%
B
B
this would result in
0
0 (28)
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and having both amplitudes be zero makes no sense as a one-qubit state vector! Can
we do something else instead?

It turns out that the states of subsystems of quantum systems are a bit tricky.
We will be able to better address this matter later on in the course when we consider
mixed statesin Part Il (Quantum information theory) of the lecture notes. For now,
it su ces to be aware that: in some cases, there does not exist a state vector for a
subsystem In this sense, the larger system must be considered for a quantum state
to make sense.

Now, let's consider applying operations to subsets of the qubits. If there are three
gubits, does it make sense for a unitary operation to be local to the rst qubit? The
fact that the rst qubit might not even have have a state vector suggests that this is
not an entirely trivial matter. But it turns out that there is a fairly straightforward
way to make sense of operations that are local to a subset of the qubitsjand we'll
see how to do this shortly (in section 6.6).

For example, if Alice possesses the rst qubit and Bob the last two qubits then
Alice can perform an operation on her qubit, without touching Bob's qubits. And
operations can be similarlylocalizedto various other subsets of the qubitsQuantum
data ow diagrams are a useful way of illustrating localizations of operations, and
their evolution in time. They are commonly calledquantum circuits

Figure 30: A quantum circuit of a 3-qubit system. First, unitary operation U is applied to the rst
qubit. Then unitary operation V is appied jointly to the second and third qubit. Finally, unitary
operation W is applied jointly to the rst and second qubits.

There are two ways of viewing a quantum circuit:

" One way is that the lines are wires and the qubits ow along the wires from left
to right, and are transformed when the qubits pass through the boxes, which
are calledgates
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~ Another way of viewing a quantum circuit is that the qubits stay put and the
horizontal axis only represents time.

Quantum circuits are a very useful way of representing quantum information pro-
cesses, and you'll be seeing a lot of them.

6.4 Product states

Let's return to the issue of quantum states of subsystems. Remember that multi-qubit

state vectors do not always have meaningful state vectors for their subsystems.
However, we can build some quantum state \bottom-up”, by starting with the

states of the subsystems. For example, consider two qubits in these speci ¢ states,

Figure 31: Two separate qubit state vectors can be translated into a 2-qubit state vector.

with amplitudes o and ; for the rst qubit, and ( and ; for the second qubit. We

can choose to consider these two qubits as two separate systems, or as one 2-qubit
system, whose state is a 4-dimensional vector. What is the four-dimensional vector?
It's de ned to be the tensor product of the two 2-dimensional vectors. An intuitive
way of thinking about this tensor product is to \expand the product” of the two
superpositions, which is

(0Ol + 1jli)  (ojOi+ 1jli)= o 0JOO + o 1jOLi+ 3 oj10 + 5 1j1%i:

(29)
This de nition of the tensor product is equivalent to
2 3
00
0 0 — g 0 12 : (30)
1 1 10
11

Note that this is similar to the way that probability distributions of independent
systems are combined to yield product distributions.

We now de ne thetensor productfor arbitrary matrices (where the case of column
vectors occurs as a special case).
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De nition 6.1. Let A andB ben mandk  matrices (respectively):

2 3 2 3
11 A12 Alm Bll Blz Bl‘
A A A B B B,
A = E 21 22 - 2mz B = § .21 .22 - .2 z : (31)
nl AnZ Anm Bkl BnZ Bk‘

The tensor productof A and B (also called theKronecker produc) is de ned as

2 3
AuB ApB AimB
A>,1B AxB A,nB
E 21 22 | 2r.n : (32)
nlB AnZB Anm B

where eachA; B denotes ek~ block consisting of all entries oB multiplied by Aj; .
Note that A B isakm 'n matrix.

De nition 6.2.  If one system is in statg i and another system is in stat¢ i, then
the state of the joint system is theoroduct statej i j .

Now a few words about notation for product states. Frequently i j i is
abbreviated toj ij i. Also, for computational basis statesjai and jb (wherea 2
f0;1g" andb2 f 0; 1g™), we have these equivalent notationsjai j b = jaijhb = jahb.
For example,jOi j Oi j 1i = j0ij0ij1li = jOOL.

Exercise 6.1 (straightforward, but one case is a trick question)In each case, express
the 2-qubit state as a product of two 1-qubit states:

1joo + 1jo1i + 1j10 + 1j1n (33)

1joo  ijon  ij10 + ij1m (34)
P2 P

1joa + 2jo1i + 2j10 + 2j11i (35)

P00 + o5 j1i: (36)

The rst three cases are straightforward. If you tried to work out the third case, you
probably realized that there is no solution! The last state cannot be expressed as a
tensor product. It is one of those states (mentioned in section 6.3) whose individual
qubits do not have state vectors.
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Exercise 6.2 (fairly straightforward). Prove that the state vectons%jOO’ + pl_§j1]j
cannot be written as the tensor product of two one qubit state vectors.

The state pl—ijOO' + pl—ijljj is an example of arentangledstate. We'll see that two
gubits in such a state can behave in interesting ways. It's especially interesting when
the two qubits are physically in separate locations, say one is in Alice's lab and one
is in Bob's lab.

6.5 Aside: global phases

Now is a good time to discuss the matter ofjlobal phases You may have noticed
that factorizations of 2-qubit states into products of 1-qubit states is not unique. For
example,

5J00 + 3jO1i + 5j10 + 3j11i = 4 jOi + p4jli P50 + pL i (37)
= e5j0i sl PEj0i Pl (38)

So what's the di erence between the state j0i + ¢ jli and 50 p5jli? As
vectors they are not orthogonal, but they are certainly di erent. The angle between
them is 180 degrees.

Can we distinguish between them? Suppose you're given a qubit in one of these
states but not told which one. Is there some measurement procedure for determining
which one it is? Of course, you could always apply the trivial state distinguishing
procedure (from section 4) that ignores the qubit and make a random guess. This
succeeds with probability%. Can you apply some measurement procedure that enables
you to do any better than that?

The answer is no. For any measurement (in any basis), the outcome probabilities
will be identical for both states. Since there's no way of distinguishing between the
states, we regard them as equivalent.

Based on this, we de ne an equivalence relation on state vectors.

De nition 6.3.  Two state vectors i andj i are deemedequivalentif j i = € j i
for some 2 [0;2 ].

The factor € j i is called aglobal phase\global' because it's applied to all of
the terms of the superposition).
Here's an exercise, if you'd like to get used to this concept.
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Exercise 6.3. Partition the following into sets of equivalent states:

oL 00 + 6L i Ao ALl oL 00 + B i
P00 + BL ji PL 00 + B jli Ao e i

6.6 Local unitary operations

Now, let's consider the matter of the scope of unitary operations. Suppose that there
are two qubits and we want to apply a 1-qubit unitary operation

U= Uoo Uoz (39)
Up U1

to the second qubit (and do nothing to the rst qubit), as illustrated in gure 32.

Figure 32: Circuit diagram of a 1-qubit unitary U acting on the second qubit of a 2-qubit system.

What is the 4 4 unitary matrix acting on the 2-qubit system that expresses this?

If the individual qubits happen to be in computational basis states then it's rea-
sonable that the rst state does not change and the second state is acted onlly so
the 4 4 unitary must have the property that

j0ij0i 7!j 0 Ujoi (40)
j0ij1i 7! 0 Ujli (41)
j1ij 0i 7! 1i Ui (42)
j1ij 17! 1 Ujli; (43)

Now, if we have a 4 4 unitary matrix with this e ect on the basis states then, by

linearity, it must be
2 3
Uogo Upz 0 0

Uig U1pg 0 0 .
0 0 Ugo Up1 .
0 0 U Un

(44)
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This is what we will take as thede nition of doing nothing to the rst qubit and
applying U to the second qubit.

Notice that, by this de nition, it makes perfect sense to applyU to the second
qubit of any 2-qubit system, even one in an entangled state like

oL 00 + PLj11i ; (45)

where the second qubit of the state does not even have a state vector! Whatever
the 2-qubit state is, it's a 4-dimensional vector, and it makes sense to multiply that
vector by the matrix in Eq. (44).

Interestingly, the matrix in Eq. (44) can be expressed succinctly as

1 0 Uoo Uop1

= | X 4
0 1 Uip Uzpz U’ ( 6)

where the operation (the tensor product) is de ned in De nition 6.1. Here's a
guestion to consider:

Exercise 6.4 (straightforward). What is the4 4 unitary corresponding to applying
U to the rst qubit and doing nothing to thesecondqubit?

We've discussed 1-qubit unitary operations in 2-qubit systems. Clearly, this gen-
eralizes naturally to more qubits. For example, when there ane+ m qubits and U

Figure 33: Circuit for U applied to the last m qubits of an (n + m)-qubit system.

is applied to the lastm qubits, think about what the resulting 2"*™  2"*™ matrix
should be.

The resulting 22*™ 2" ™ unitary matrix is | U, wherel isthe 2' 2" identity
matrix. Also, if a unitary V is applied to the rst n qubits, this is expressed a¥ |,
wherel is the 2" 2™ identity matrix.

Furthermore, wheneverU and V act on separate qubits (as in gure 34), it's
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Figure 34: Example of two local unitaries acting on separate qubits. They commute.

natural to expect the two operations to commute. That is, their net e ect is the
same regardless of which one applied rst. It's not too hard to prove this, and |
suggest it as an exercise.

Exercise 6.5 (straightforward). Prove that the two circuits in gure 34 are equiva-
lent.

To prove it, it's useful to use the following lemma about the tensor product.

Lemma 6.1. Let A be is ann; mj; matrix and C be anm; k; matrix (so the
matrix product AC makes sense). LeB be ann, m, matrix and D be anm, k;
matrix (so the matrix productBD makes sense). Then

A B C D = AC BD : (47)
A nal comment: if U and V overlap then, in general, the operations wilhot

commute.

6.7 Controlled- U gates

Now, I'd like to show you something called aontrolledU gate whereU can be any
unitary operation.
For example, consider the case whetg is a 1-qubit unitary operation

U= Uoo Uoz (48)
Up U1

The notation for the controlledU gate in circuit diagrams is the following.
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Figure 35: Notation for controlled-U gate.

whereU drawn as \acting" on a target qubit and with a \wire" from a control qubit
to U.

If the control qubit is in state jOi then nothing happens. And, if the control qubit
is in state j1i then U gets applied to the target qubit. This gate has the following
e ect on the four computational basis states:

j0ij0i 7! Oij Oi (49)
j0ij1i 7! Oij 1i (50)
j1ij0i 7! 1i UjOi (51)
jLij1 7 1 Ujli: (52)

By linearity, we can deduce from this that the 4 4 matrix of this controlled-U gate
is the matrix

2 3
1 0 0 O
O 1 0 O
: 53
§ 0 0 Ugo Upz ( )

0 O up up

Eq. (53) is thede nition of the controlledU gate acting on two qubits.

Notice that the matrix in Eq. (53) is like the matrix in Eq. (44) for applying U to
the second qubit, except that the rst block isl rather than U. Although it might be
tempting to think of a controlled-U gate as \doing less" than the operation of applying
U to the second qubit (as in gure 32), this way of thinking is misleading. Note that,
when the control qubit is not in a computational basis state, the description

apply I if the control qubit is in state jOi (54)
apply U if the control qubit is in state j1i
does not apply.
Here's a question to consider:
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Exercise 6.6 (worth thinking about). Does there exist a controlledJ gate that
changes the state of itgontrol qubit? To make \the state of the control qubit” clear,
assume that the input state and output state must be product states. What does your
intuition say?

The above de nition of a controlledU gate assumes an orientation: the rst qubit
is the control qubit and the second qubit is the target qubit. There is natural corre-
sponding de nition for the case where the orientation is inverted (where second qubit
is the control qubit and the rst qubit is the target qubit).

Exercise 6.7. Consider an inverted controldJ gate, where the second qubit is the
control and the rst qubit is the target. Based on the above explanations, how should
the4 4 matrix be de ned for this (analogous to Eq(53))?

Finally, a controlled-U gate can be de ned for anyn-qubit unitary U. The
controlled-U gate is an f + 1)-qubit gate, where the additional qubit is the con-
trol qubit.

Figure 36: Notation for a controlled-U gate for an n-qubit U.

If the control qubit is the rst qubit then the controlled- U gate is de ned as the
20+t 21 matrix

I 0
ou (55)
wherel and U are both 2 2" blocks.
6.8 Controlled- NOT gate (a.k.a. CNOT)
Here we consider the controlled’ gate, where
v = _ 0 1
U=X=NOT= _ (56)
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This 2-qubit gate is commonly referred to as the controlletlOT (and CNOT) gate.
It has interesting properties and occurs very frequently in the theory of quantum
information processing. There is special notation for this gate, shown in gure 37.

Figure 37: Controlled-NOT gate (two di erent notations).

To understand where the notation comes from, consider what happens when
the inputs are computational basis states. Let the inputs bgai and jbi, where
a;b2f 0;1g. For these input states, the output states argai andja k. The sym-

Figure 38: Action of CNOT gate on the computational basis states ;b2 f 0; 1g).

bol is the binary exclusiveOR operation (a.k.a. XOR). If you haven't seen the
operation before, here's a table of its values, and a comparison with values ofthe
standard OR).

XOR OR
abjla bja_b
00| O 0
o1 1 1
10| 1 1
11| O 1

The value ofa bis 1 and only if one of the two input bits are 1,but not both
whereas,a__ bis 1 also in the case where both and b are 1. Another, altogether
di erent way of thinking about the  operation is that it is the sum of the two bits in
modulo 2 arithmetic. The way that the symbol is embedded into the gate symbol
in gure 38 is suggestive of what it does.
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The above discussion of th&€€NOT gate is for computational basis states. The
de nition of the CNOT gates is given by the 4 4 unitary matrix in Eq. (53)

2 3
1.0 0 0
01oc§
= : 7
CNOTEOOO (57)
00 1 0

This operation can be applied toany 2-qubit state|independent of any intuitive
picture that's based on the very special case of computational basis states.

Remember, in Exercise 6.6, | asked a question about whether there is a controlled-
U gate that can change the state of its control qubit? What did you decide?

Feel free to think more about this before looking at the next page ...
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The answer might surprise you: for some input states to th€NOT gate, the
control qubit actually changes! Recall the states

j+i = 6L j0i + #Ljli (58)
jio=esjoi Rkl (59)

(rstde ned in section 4). Suppose the control qubit is set tg+i and the target qubit
is settoji and then the CNOT gate is applied. It can be veri ed by a calculation
that the output qubits are both in state ji . So, for this input, the control qubit

Figure 39: Example whereCNOT gate modi es the state of the control qubit.

changes state, fromj+i to ji . And recall that, as we saw in section 4j+i and j i
are certainly di erent states|they're orthogonal and perfectly distinguishable.

Exercise 6.8 (straightforward). Verify that CNOT j+i ji =i ji

The CNOT gate has several other interesting properties. One other property
concerns the simulation obther controlled-U gates, for di erent unitary operations
U, other than the X gate. Suppose that we have the capability of performinGNOT
gates plus all one-qubit unitary operations|and that's all. Then, can we construct
circuits with these gates that implement other controlledJ gates? Let's start by
considering the the controlledR , whereR is the rotation by angle

R = C.OS() sin( ) : (60)
sin( ) cos( )

How do we approach this? Well, we can guess a few simple forms that the circuit
might take. Consider a quantum circuit of this form.

Figure 40: Simulating a controlled-U gate from CNOT gates and one-qubit gates.
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Do there exist 1-qubit unitariesV and W such that this circuit simulates the controlled-
R ? The answer is yes, and | leave this as an exercise.

Exercise 6.9 (fairly straightforward) . Find 1-qubit unitary operationsU andV such
that the circuit on the left side of gure 40 performs the same unitary operation as the
controlledR . (Hint: consider setting V and W to rotation matrices, with carefully
chosen angles.)

Exercise 6.9 is a good starting point towards this more challenging problem:

Exercise 6.10 (challenging) Show how to simulate a controllet] operation for any
1-qubit unitary U by a circuit consisting of onlyCNOT and 1-qubit gates. Note that
the form of the simulating circuit need not be the same as the left side of gure 40.
(Hint: begin by considering the case whetd has determinant 1.)
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7 Superdense coding

This section is about an interesting communication feat that is possible with qubits
called superdense codingWhat makes superdense coding interesting is not that it is
powerful (the feat of communicating two bits is not very exciting); rather, superdense
coding shows a sesnse in which quantum information is fundamentally di erent from
classical information.

7.1 Prelude to superdense coding

Suppose that Alice wants to convey two classical bits to Bob by sending only one
classical bit.

Figure 41: Scenario for Alice conveying two bitsabto Bob by sending just one bit (the best strategy
succeeds with probability 3).

The precise scenario is that Alice receives her two bitg,; b 2 f 0; 1g as input and
then she somehow creates a 1-bit message to send to Bob, who is somehow supposed
to determine both a and b from the bit that he receives from Alice. It should be
clear that this is impossible to accomplish perfectly. The highest success probability
possible is%, and this is obtained by the simple strategy where Alice just sendsto
Bob and then Bob outputsa and randomly guesses the value &f This strategy has
success probability% in the average-case as well as in the worst-case.

What if Alice can send aqubit to Bob?

Figure 42: Scenario where Alice can send a qubit (the best success probability @

It turns out that this does not help: the best success probability is stiI%. We don't
prove this here (it's a consequence of a result of Nayak).

Now, let's add a twist. What if we allow Bob to send a bit to Alice before Alice
sends her bit to him?
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Figure 43: Scenario where Bob can send a bit to Alice and then Alice can send a bit to Bob (the
best possible success probability i%).

To be clear, the scenario (depicted in gure 43) is the following:

1. Alice receives her two bitsg; b2 f 0; 1g as input.
2. Bob sends a bit to Alice.
3. Alice sends a bit to Bob.

4. Then Bob outputs two bits (and this issuccessfulif his output bits are ab).

That extra bit of communication from Bob to Alice does not help. The best possible
success probability is stiII%. Intuitively, this is because the ow of information is in
the wrong direction. How does Bob sending a bit to Alice provideim with any more
information? To be sure that there isn't some subtle way that Bob's message helps,
we would need to think about this carefully. But let's just accept, without proof, that
the best possible success probability |§

In fact, if Bob sends a bit the wrong way and then Alice sends qubit to Bob,
even that does not help: the best possible success probabilitystéll 1.

Figure 44: Scenario where Bob can send a bit to Alice and then Alice can send a qubit to Bob (the
best possible success probability i%).

These examples seem to indicate thahessages sent in the wrong direction are
of no use We will see that superdense coding violates this intuition. In superdense
coding, Bob rst sends aqubit to Alice and then Alice sends agubit to Bobjand
Bob's message actually makes a di erence: the protocol always succeeds!
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Figure 45: Scenario where Bob can send a qubit to Alice and then Alice can send a qubit to Bob
(the superdense codingprotocol always succeeds at this).

The scenario is that:
1. Alice receives her two bitsg; b2 f 0; 1g as input.
2. Bob sends a qubit to Alice.
3. Alice sends a qubit to Bob.
4. Then Bob outputs two bits (and this issuccessfulif his output bits are ab).

We'll see a communication protocol of this form where Bob always outoutsh cor-
rectly. Sending abit in the wrong direction does not help but, somehow, sending a
gubit in the wrong direction does help!

7.2 How superdense coding works

Let's begin with a description of the protocol for superdense coding. It is the following
three steps.

1. Bob creates the entangled two-qubit state
P00 + oL 11i (61)

then he sends the rst qubit to Alice (and he keeps the second qubit). So, at
this point, Alice and Bob each possess one qubit of this 2-qubit state.

2. Alice has her two input bitsa and b and the qubit that she received from Bob.
She performs the following procedure:
2.1 Ifa=1 apply X to the qubit (where X =[23]).
2.2 If b=1 apply Z to the qubit (where Z =} 9)).

In summary, Alice appliesZ”X 2 to the qubit in her possession. Then she sends
her qubit to Bob.

3. At this point Bob is in possession of both qubits again. He applies this circuit
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Figure 46
to the two qubits and measures in the computational basis. The outcome of the
measurement is two bits, which is Bob's output.

Now, let's analyze how this protocol works. In step 2, Alice's operations on the rst
gubit changes the 2-qubit state in the following way:

%pl—szOi + 511 if ab=00
P5j00  pLjll if ab=01
pL 0L + ¢£j10 if ab= 10

: pl—§j01i pl—zle' if ab=11.

(62)

There's something interesting about these four states: they are orthogonal to each
other! They are an orthonormal basis for the 4-dimensional state space associated
with two qubits. This is called the Bell basis(named after John Bell).

What Bob does in step 3 is measure the two qubits the Bell basis This is
accomplished by Bob rst applying the unitary operation speci ed by the circuit in
gure 46 and then measuring in the computational basis. The e ect of the unitary
operation on the four Bell states is shown in the following table (where we are omitting
the pl—é factors to reduce clutter; more about this in section 7.3).

input output
joO + j11i jO0
jO0 j 11 jOdi
jOli + j10i j10
jodi j 100 | j 11

Therefore, when Bob measures in the computational basis, he recovers the bitsas
required.

So that's how superdense coding works. It makes use of an interesting property
of the Bell basis, where, in step 2, Alice applies an operation to just one of the two
qubits (the one in her possession) but by doing so she manages to change the state to
any of the four Bell basis states. That step wouldn't work if the computational basis
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were used: Alice could then manipulate the state of the rst qubit but she couldn't
do anything to the second qubit, which is in Bob's possession. And there is no way
to do this using classical bits.

7.3 Normalization convention for quantum state vectors

Formally, we use the followingnormalization convention where any unnormalized
state is understood to be divided by its norm.

De nition 7.1.  Any non-zero vector of the form jOi+ 1jli denotes the normalized
state

i : (63)
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8 Incomplete and local measurements

So far, our notion of measurement has been with respect to some orthonormal basis,
and where one of the e ects of the measurement is that state collapses. Here we
broaden our notion of measurement to include types of measurement that yid&ks
information than this, while being less destructive to the state being measured. An
example of this is alocal measurement, that measures a subset of a set of qubits.

8.1 Incomplete measurements

First, I'd like to show you a more general notion of measurement than anything we've
discussed so far, which we call amcomplete measurementWe need at least three
dimensional quantum state vectors to show this kind of measurement.

We'll soon be talking about 2-qubit systems, whose state vectors are 4-dimensional.
But let's start with 3-dimensional quantum systems, where the space of states is easier
to visualize. Recall that, for a quantum trit (or qutrit) there are three computational
basis states, calledOi, jli, and j2i.

The measurement that we have seen so far does the following: it projects the state
to one of the computational basis states, where the probability of projecting to each
such basis state is the projection length squared. The outcome of the measurement
consists of two parts:

~ Classical information indicating which basis state occurred|for qutrits, that's
0, 1, or 2|which we can imagine is what we see on the screen.

" And there is also a residual (or collapsed) quantum state, which would héi,
jli, orj2i.

An equivalent way of viewing this is that there are three orthogonal one-dimensional
subspaces (the span ghi, the span ofjli, and the span ofj2i), and the state has
a projection onto each subspace, and the square of the length of that projection
determines the probability of that outcome. Anincomplete measuremenits like this,
except that the orthogonal subspaces need not be one-dimensional. For example, for
qutrits, consider these two subspaces (illustrated on the right side of gure 47):

" The horizontal plane spanned byOi and jli, which is two-dimensional.
" The vertical line spanned byj2i, which is one-dimensional.

These two subspaces are orthogonal to each other and, together, they span the entire
space.

58



Figure 47: A geometric view of a complete qutrit measurement (left) and an example of aimmcomplete
qutrit measurement (right).

The de nition of the incomplete measurement with respect to these subspaces is
as follows. Any quantum state vector has a projection on each subspace. The squares
of the lengths of these projections sum to 1. The result of the measurement is: a
classicaloutcome, indicating which space was collapsed to; andesidual (collapsed)
state, which is the original state projected into one of the subspaces.

For the example on the right side of gure 47, if the original state is ¢jOi +

1j1i+ 5j2i, and if we call the outcomes \plane" and \line", then the result of the
measurement is:

\plane" and residual state ¢jOi + 1jli  with probability j oj>+ | 1j° (64)
\line" and residual state ,j2i with probability j »j?,

(where in both cases the residual state is assumed to be normalized, following our
normalization convention for quantum states in section 7.3). In the case of the rst
outcome, the residual state can still be an interesting quantum state in the sense that
it's a superposition of basis stateg0i and j1i.

This example illustrates how we can extend our notion of a measurement to in-
clude incomplete measurements with respect to orthogonal subspaces. There is an
obvious generalization to higher dimensional spaces, where the space is partitioned
into orthogonal subspaces of various dimensions. And the spaces need not be with
respect to computational basis states|though the way we capture this technically is
by enabling a unitary operation to precede the measurement.
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8.2 Local measurements

The de nition of an incomplete measurement is needed to make sense of scenarios
where we measure aubsetof n qubits.

Consider the example where there are two qubits, and we want to measure (only)
the rst qubit. This half-circle shape on the circuit diagram is our way of denoting

Figure 48: Notation for measuring individual qubits.

a measurement of an individual qubit. Notice that the wire coming out of the mea-
surement gate is a double line. We can think of the double line as a \thicker wire"
that carries classical bits. The outcome of the measurement is either O or 1, and the
residual state of the qubit will be eitherjOi or jli (and the second qubit remains
\unmeasured" in a quantum state).

Notice that the original state of the 2-qubit system might be entangled, so we
cannot just ignore the second qubit and use our previous de nition for measuring a
one-qubit system. There might not be a state vector for the rst qubit.

We will obtain a de nition of this measurement in terms of incomplete measure-
ments. First, consider these two 2-dimensional subspaces:

" The space of all linear combinations gio0 and jO1i (which is all states where
the rst qubit is in state jOi).

" The space of all linear combinations gfL0 and j11i (which is all states where
the rst qubit is in state jli).

These two spaces are orthogonal to each other (every vector in one space is orthogonal
to every vector in the other space). So we have two orthogonal 2-dimensional spaces
within the 4-dimensional space of 2-qubit states.

We take the incomplete measurement with respect to these two spaces. Any 2-
gubit quantum state 9jO0 + 1j0li + 15j10i+ 11j11i has a projection onto each
subspace. Respectively, these projections are:

00J00 + 1j01i = jOi 00JOI + 1]l (65)
10J100 +  41j11 = jli 10j0i + 11j1i (66)
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Figure 49: Schematic picture of two orthogonal 2-dimensional spaces in four dimensions.

And the respective lengths squared of these projections are

i ool®+ i od? (67)
j w0+ (68)

Now we de ne the measurement of the rst qubit operation as follows. Suppose
that the 2-qubit state is 9jO0 + 1)J02 + 410j100 + 41j11i. The the result of
measuring the rst qubit is

0 and residual state o9jOi + o1jli  with probability j ooj2+ | 01j? (69)
1 and residual state 15j0i + 11jli  with probability j 102+ | 11j°.

In Eq. (69), we are omitting the residual state of the rst (measured) qubit, which is
jOi or jli, in correspondence with the classical output bit.

There is an obvious version of this de nition for measuring thesecond qubit of
two qubits.

Exercise 8.1 (straightforward). Using a similar approach to the above, propose a
de nition for the result of measuring the secondqubit of a 2-qubit system.

Exercise 8.2 (a straightforward sanity check of the de nitions). Show that measuring
the rst qubit and then measuring the second qubit has the same result as performing
one single measurement of the entire 2-qubit system at once.

This de nition of local measurementextends in a very straightforward way to
the scenario where there ar@ qubits and some arbitrary subset ok of the qubits
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are measured. The outcome is &-bit string and associated with each outcome is

a 2" X-dimensional subspace. There are aré 3uch subspaces (orthogonal to each
other) and the outcome probabilities correspond to the projection lengths squared of
the state on the ¥ subspaces.

Exercise 8.3 (a straightforward check of the de nitions). Consider the 3-qubit state
Pj00T + ¢ j010 + £ j100. What are the outcome probabilities and residual states

if the rst qubit is measured? What about the case where the second qubit is measured?
And if the third qubit is measured?

Let's get used to the concept of measuring one qubit of a 2-qubit system, with
the following exercises.

Figure 50: Measuring a 2-qubit system in one fell swoop vs measuring one qubit at a time.

Exercise 8.4 (a straightforward sanity check of the de nitions). Show that measuring
the rst qubit and then measuring the second qubit yields the same result as performing
one single measurement of the entire 2-qubit system.

Exercise 8.5 (interesting?). What happens if the rst qubit ofpl—éjOOi + pl_§j1]j is
measured? Can this e ect be used to communicate instantaneously over large dis-
tances?

To understand the second question in exercise 8.5, suppose that Alice has the rst
gubit of this state in her lab and Bob has the second qubit is his lab (which could be
very far away). Can Alice instantly communicate information to Bob by performing

a measurement on her system? Intuitively, the question is essentially about whether
Alice performing a measurement on her system \changes the state" of Bob's system.
Later on, in the information theory part of the course, we'll learn a language that
enables us to express this matter more clearly.
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Exercise 8.6. Recall that the Bell basis is

P5j00 + P j1i (70)
P (01 + £ )10 (71)
P5jO0  pLj1li (72)
P5jOL P4 )10 (73)

Consider the state distinguishing problem where one is given one of these states and
the goal is to determine which one. Suppose that we add a restriction that only the

rst qubit of the state can be measured (the second qubit is inaccessible). Is there a

state distinguishing procedure for this?

The trivial strategy for distinguishing among the four Bell states is to randomly
guess (without measuring), which succeeds with probabilit%. The question in exer-
cise 8.6 is whether one can do any better than that if one is only allowed to measure
the rst qubit.

8.3 Weirdness of the Bell basis encoding

Suppose that we have two qubits which we want to use to encode twtassical bits.
Let's consider two di erent ways of encode the two classical bits: the computational
basis and the Bell basis.

ab | Comp. basis ab | Bell basis
00 jO0i 00| jOG + j11i
01 jOdi 01| jOG j 11
10 j10i 10| jo1 + j10
11 j11i 11| jo1 j 10

Now, if the two qubits are considered as one system, it doesn't make much of a

Figure 51: A 2-qubit system can be viewed as two separate 1-qubit systems.
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di erence which encoding you use, because you can always convert between these
encodings by a unitary operation. However, if the two qubits are localized: say, Alice
possesses the rst qubit and Bob possesses the second qubit then there's an interesting
di erence.

For the case of the computational basis encoding, Alice can determine the value
of the rst bit a, but not the second bit, b. Also, Alice can ip the value of the rst
bit (between 0 and 1) butcannot ip the second bit. She has complete control over
the rst bit, but no access to the second bit.

On the other hand, for the case of the Bell basis encoding, Alice has no idea
about either bit (she cannot determine any information about the value o nor of
b). However, Alice can ip either one of the two bits: she can ip the rst bit (by
applying a Pauli X); she can ip the second bit by applying the PauliZ); and she
can ip both bits, by applying both of these Paulis.

Informally, by using the Bell basis encoding, each party individually forgoes the
ability to read any of the bits being encoded, but gains the advantage of being able
to ip both bits by a local operation on just one of the qubits.

This weirdness of the Bell basis is the driving force behind superdense coding.

8.4 Exotic measurements

Now is a good time to see thexotic measurementghat | rst referred to in passing
back in section 5.2, but never actually explained.

First, to review, we have our basic measurement operation for qubits, which is
with respect to the computational basisjOi and j1i.

Figure 52: Basic measurement of a qubit with respect tg0i and j1i.

Then we have a notion of measuring a qubit with respect to any orthonormal
basis (for example, with respect to thg+i, ji basis), which can be simulated by
preceding a basic measurement with some unitary operatidn

64



Figure 53: Measurement of a qubit with respect to an arbitrary orthonormal basis (accomplished
by preceding a basic measurement with some unitary operatiot).

The more exotic measurements that | want to show you are of the following form.

Figure 54: An exotic measurement of a qubit.

Let's assume here that we are performing this measurement on one qubit (which we
refer to as thedata). Upon receiving that qubit, we create a second qubit ourselves
in state jO0i. Combining the data to be measured with that second qubit, we have a
two-qubit system (with four dimensional state vectors). By the way, when a qubit is
added to a system like this, that qubit is frequently referred to arancilla (think of

it as an \ancillary qubit”). Next we apply some four-dimensional unitary operation

U to the 2-qubit state. Finally, we perform a basic measurement to the two qubits,
resulting in one of four outcomes.

If you're seeing this kind of measurement process for the rst time, then you might
wonder what the point is of doing all this. Is there anything special that these exotic
measurements can achieve? In fact they are very useful. In section 9, I'll show you
one example of an application of these measurements for something ca#letb-error
state distinguishing

8.5 Measuring the control qubit of a controlled- U gate

In section 6.7, we saw that controlledd gates can behave in remarkable ways, such
as changing the state of their control qubit. Here, we consider another phenomenon,
which arises when the control-qubit of a controlledd gate is measured. It is summa-
rized by the equivalence of the following two circuit diagrams.
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Figure 55: Measuring the control qubit before or after a controlledU gate.

In the circuit on the left side, the rst qubit is measured with respect to the compu-
tational basis (yielding outcome 0 or 1) which then serves as the (classical) control of
the subsequent controlledd gate. In the circuit on the right side, the controlledt
gate is performed rst (on a fully quantum state) and then the rst qubit is measured

in the computational basis.

Lemma 8.1 (Deferred Measurement lemma)For any 2-qubit input state, the e ect
of the two procedures depicted in gure 55 is exactly the same.

Exercise 8.7 (fairly straightforward) . Prove Lemma 8.1.

o A word of caution:  the equivalence depicted in gure 55 is validf the mea-
surement is with respect to the computational basidf the measurement is with
respect to a di erent basis then the equivalence does not hold in general.
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9 Zero-error state distinguishing

The scenario is once again a state distinguishing problem, where we're given a state
that's promised to be one of two speci c states, oi orj o (not necessarily orthog-
onal), but we don't know which one, and our goal is to determine which one by some
measurement procedure. Remember that we can do this perfectlyjifsi and j ;i
are orthogonal, and we cannot do it perfectly if they are not orthogonal, such as the
case where the states ar@i and j+i (where the angle between these states is 45
degrees). In that case, it turns out that the success probability can be approximately
cog( =8) = 0:853:: (exercise 4.2), but no higher. Note that this procedure gives the
wrong answer with probability sirf( =8) = 0:146:..

A zero-error procedure for state distinguishing is one that never gives the wrong
answer. But that does not mean it always gives the right answer. This is because the
procedure is allowed to sometimeabstain from giving an answer. Formally, in our
context, the potential outputs of the distinguishing procedure aré0; 1; Ag, where:

" 0 means a guess that the state is oi.
~ 1 means a guess that the state is ji.

" A means \abstain" (in other words, no guess).

To be zero-error means that an output of O or 1 is always correct.

Now there's a very trivial zero-error procedure: abstain all the time. But that's
not so interesting, because it never guesses the state correctly either. A nontrivial
zero-error procedure is one thasometimesdoes not abstain (and in such cases, the
guess has to be right).

If we have a zero-error-procedure, it'success probabilityon an input instance is
de ned as the probability that it gives the right answer for that input.

Imagine a situation where you can make a guess about something. When you are
right you are rewarded; when you are wrong you are penalized. But you also have the
option of abstaining, in which you get no reward or no penalty. Maybe the penalty
for a wrong guess is extremely high so you cannot a ord to ever make a wrong guess.
But you'd still like to sometimesget the reward, so you don't want to always abstain.

What is the best zero-error success probability for distinguishing betwe¢di and
j+1? We will return to this speci ¢ question later, after we design an exotic measure-
ment procedure that works for any pairj oi andj ;i of non-orthogonal states. For
simplicity we will assume that the angle between them is between 0 and 90 degrees
(although this restriction is not essential).
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The idea is based on a nice geometric arrangement of vectors in three dimensions.
To see it, you can cut out this grey rectangle and fold it 90 degrees in the middle.

Figure 56: Template for a special geometric arrangement of vectors (fold 90 degrees in the middle).

The result will look something like gure 57. | found it fun to actually cut it out and

Figure 57: Special geometric arrangement of vectors.

fold it. But you can also visualize things from looking at gure 57.
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Note that the statesjOi, j1i, and jAi are three mutually orthogonal states, so it
makes sense to perform a 3-outcome measurement with respect to these states. Now,
look at the way| oi andj ;i are arranged.j oi andj ;i are not orthogonal (unless

= 3). However,j ;i is orthogonal toj0i, so for a measurement of that state, the
outcome will never be 0; it will always be eitheA or 1. Similarly, j oi is orthogonal to
j1i, so for a measurement of that state, the outcome will never be 1. Based on this,
we have a zero-error measurement procedure for distinguishing between the states
j of andj qi.

The probabilities of the various outcomes can be worked out to the following. For

state oi, the outcome probabilities are
8
3 0 with probability sin?( )
5 1 with probability O (74)
~ A with probability cos?( ),

and, for statej ;i, the outcome probabilities are
8
3 0 with probability 0
1 with probability sin?( ) (75)
* A with probability cos?( ).

It follows that the success probability in each case is €if).

This approach can be extended to a zero-error state distinguishing procedure for
any two statesj oi andj ;i as long as the angle between i andj ;i is the same
as the angle between oi andj ;i. The idea is to rotate the coordinate system so
that it coincides with that in gure 57.

How does the success probability depend on the angle betwgegi andj ;i? Note
that this angle is not equal to 2, because of the fold. There is a nice relationship
between theinner product h ¢j 1i and : namelyh ¢j 1i =cos?( ).

Exercise 9.1. Prove that, for the vectors in gure 57,h ¢j 1i = cos?( ).

Note that this this implies that the success probability, sid( ), can be expressed as
1 h o 4i.

Now, let's get back to the speci ¢ problem of distinguishing betweej®i and j+i,
whose angle is 45 degrees, and whose inner producﬁ%s The problem is that these
are qubits, so the dimension of the space is too small for a set-up like gure 57.
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Here's where the exotic measurement ( gure 54) comes in. By adding an ancilla
qubit in state jOi, input state jOi becomes the 2-qubit stat¢0i j Oi = jOG, and input
state j+i becomeg+i j 0 = p%jOG + e j10. These are 4-dimensional states, but
we can ignore the dimensioflli and view these states as being in the 3-dimensional
subspace spanned bya, jO1i, j10.. We can associate this space with that of gure 57
(associatingj10 with jAi, jOl with jOi, and jOO with j1i), where is set so that
cog( ) = pl—§ There exists a 3 3 unitary operation U that maps jOi | Oi to ] ol
andj+i j Oi to] oi. Note that, technically, the operation performed on the 2-qubit
space is the 4 4 unitary

2 3
0.
4 U os. (76)

0001

The success probability is 1 h 0j+i = 1 p% (= 0:292:). Although this is
considerably less than 853:: from exercise 4.2, it has the advantage that it is zero-
error. If we restricted our operations to be 1-qubit unitaries and 1-qubit measurements
then the zero-error success probability would be lower than 191—5.

70



10 Teleportation

Consider the problem where Alice wants to communicate an arbitrary qubit to Bob
by sending onlya nite number of classical bits Intuitively, one might expect that,
since there are a continuum of possible qubit state vectors, this is impossible to
accomplish. Teleportation violates this intuition, though it makes use of an extra
resource: entanglement between Alice and Bob.

10.1 Prelude to teleportation

Consider the scenario where Alice receives a qubit as input and the goal is for her
to convey it to Bob. Based on the qubit that Alice receives, she determines some
classical bits to send to Bob. When Bob receives these classical bits, he is supposed
to reconstruct Alice's original state.

Figure 58: Communicating a qubit by sending classical bits.

If Alice knowsthe state jOi + 1jli of the qubit she receives then she can send
bits that specify o and ; within some precision. High precision would require
Alice sending many bits|and perfect precision would require in nitely many bits.
Moreover, the situation is even worse than that: Alice might not everknow the
amplitudes of the qubit that she received. Maybe the state was set by a third party,
who gave the qubit to Alice (without telling her what the state is). Alice can at
best obtain one bit of information about the state by measuring it, and that process
destroys the state.

10.2 Teleportation scenario

In the teleportation scenario, Alice and Bob start with an additional resource, a
shared Bell statep%jOO’ + pl—éjljj and Alice sends Bob only two classical bits.
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Figure 59: Teleportation scenario.

Note that the Bell state contains absolutely no information about Alice's input state
0JOi + 1jli. It is remarkable that, in this scenario, there is a protocol where Alice
sends two classical bits to Bob and he is able to perfectly reconstruct the state.

10.3 How teleportation works

We begin by considering the initial state of the system, where Alice is in possession
of her input qubit and the rst qubit of the Bell state and Bob is in possession of the
second qubit of the Bell state. We can write this state as

0jOi + 1j1i Pl—EjO(] + pl—éjlli (77)
- p% 0j000 + pl_i 0jO11 + pl_é 1j100 + 191—E 1)117 : (78)

It is clear that all the information about the state ¢j0i + ;jli resides with Alice.
It is interesting that we can write the state in Eq. (78) as

i

PL 0j000 + i (jO1% + & 1j100 + FL 1j111

2 2 2
= 16400 + pLjlli 0jOi + 1]l
+ 3 P50l + 6L )10 ojli+ 4]jOi
+ 3 #5j00  PLj1di 0jOIi 1l
+ 1 pLjol 6L jl0 ojli  1jOi : (79)

First, it is worth con rming that Eq. (79) is correct.

Exercise 10.1 (straightforward). Conrm Eq. (79). (Hint: expand the tensor prod-
ucts and observe that some of the terms cancel out.)

What is remarkable about the expression in Eqg. (79) is that the coe cients ( and
1 appear to be on Bob's side|and the teleportation protocol has not even started!
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How did o and ; migrate over to Bob's side? In spite of Eq. (79), Bob's qubit
contains absolutely no information about ¢j0i + jli. We have to be careful not
to misinterpret the state in Eq. (79).

But Eq. (79) suggests an approach to make the teleportation protocol work: what
if Alice measures her qubits (the rst two qubits) in the Bell basi® Then, for each
outcome, the residual state of Bob's qubit is similar to ¢jOi + 1jli. A simple
correction, based on Alice's outcome, can make the state exactlyjoi + 1jli.

The measurement in the Bell basis can be accomplished by Alice rst applying
the 2-qubit unitary operation speci ed by this circuit.

Figure 60: Circuit that converts from the Bell basis to the computational basis.

This has the following e ect on the Bell states

input output
joo + j11i jO0i
jo0 j 11 jOdi
joli + j10i j10i
joli j 10 j11
Therefore this changes the 3-qubit state to
300 0jOi + 1jli

+ 1jOli ojli+ 1j0i

+ 2j10i 0j0i 1)1

+ Zj1li 0jli 1j0i (80)

Now, if Alice measures the rst two qubits of this state in the computational basis
then the result (Alice's two classical bits and the residual state in Bob's possession) is

% 00, ojOi + 4jli with probability

01, ojli+ 1jOi  with probability
E 10, ,joi 1j1i  with probability
" 11, ojli 1J0i  with probability

(81)

N N N L
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At this point, Bob does not yet have the correct state (expect in the case of outcome
00). But, if Alice sends Bob the two bits of her measurement outcome then Bob can
apply an appropriate operation to \correct" his state.

Here's what Bob does after receiving the two classical bitd from Alice:

1. Ifb=1 apply X.
2. Ifa=1 apply Z.
The resulting state on Bob's side is for each case is
8
%OO, 0JOIL + 1)l
01, X ojli+ 1j0i = oj0i+ q1jli
E 10, Z ,j0i 1jIi = (j0i + ]l
" 11, ZX  ojli 1J0i = 4j0i + 1jdi.

(82)

This completes the description of the teleportation protocol.
The protocol can be summarized by the following circuit. Alice's qubits and bits

Figure 61: The teleportation protocol summarized in one circuit.

are on top and Bob's are on the bottom. The slanted classical wires denote that the
two classical bits resulting from Alice's measurements being shifted down from Alice
towards Bob.

Exercise 10.2 (straightforward). Work through the circuit diagram in gure 61 and
con rm that it works.

It is natural to ask: What happens to Alice's copy of her state? Is Alice's copy
preserved? The answer is that, since Alice measures her two qubits, all the quantum
information in her possession is lost. So, while Bob ends up with a copy of the state

0JOi + 1j1i, Alice loses her copy of the state in the teleportation process.
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11 Can gquantum states be copied?

In the teleportation protocol, Alice loses her copy while Bob obtains a copy. Can this
protocol be modi ed so that Alice's copy is not lost? Or is there some other way to
produce a second copy of a quantum state?

11.1 A classical bit copier

Classical information is easy to copy and we do it all the time (say, when we back up
our data). A simple device that copies one bit could look like this.

Figure 62: A classicalbit copier device.
The rst input bit is the data to be copied. The second input bit is always 0 (think
of it as analogous to the blank sheet of paper that goes into a photocopier). How

do we implement such a device? It is not hard to see that @GNOT gate (a classical
version of this gate) will perform the copying operation.

Figure 63: A classical version of theCNOT gate is a bit copier.

11.2 A qubit copier?

A qubit copier would be of the following form.

Figure 64: Form of a hypothetical qubit copier.

Does there exist a unitary operation that performs this for any input statg i?
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Our rst candidate might be the quantum CNOT gate. Does this work?

Figure 65: A candidate for a qubit copier.

The CNOT gate actually works correctly for the input stateg0i and j1i.

Figure 66: CNOT copies the computational basis states correctly.

However, theCNOT gate fails to correctly copy the statg+i = p%jOi + p%jli.

Figure 67: CNOT fails to copy the j+i state.

The output of the gate is e jOGi + p% j11i, whereas two copies of thgri state is the
state j+i j +i = 2j00 + 1j01i + 2j10 + 1j11i.

Theorem 11.1. There does not exist a 2-qubit unitary that implements the quantum
copier in gure 64.

Exercise 11.1 (straightforward). Prove Theorem 11.1. (Hint: the proof is actually
very similar to the proof that theCNOT gate is is not a quantum copier.)

Theorem 11.1 doesn't quite settle the matter of whether quantum information can
be copied, because gure 64 is not the most general possible form that a hypothetical
qubit copier can take. A more general form the following.

Figure 68: A more general form of a hypothetical quantum copier.
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Think of the rst qubit as the data to be copied, the second qubit as the analogue
of the blank sheet of paper that goes into a photocopier, and the third qubit as the
analogue of the toner cartridge, which is discarded at the end of the process. The
notation for the output state of the third qubit j i is intended to indicate that it is
allowed to be a function of the data] i. In fact, this more general framework does
not help.

Theorem 11.2. There does not exist a 2-qubit unitary that implements the quantum
copier in gure 68.

Exercise 11.2 (slightly challenging). Prove Theorem 11.2.
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12 Redundant representations of quantum states
27?7

Copying is a form of redundancy and the no-cloning theorem suggests that there can
be no redundancy in quantum states; however, this is not true.

12.1 32-copying (a.k.a. secret sharing)
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13 Classical and quantum algorithms as circuits

In this section, we'll see see a basic picture of classical and quantum algorithms as
circuits. We'll consider simulations between classical and quantum circuits and we'll
see the To oli gate.

13.1 Classical logic gates

Recall that the NOT gate takes one bit as input and outputs the logical negation of
the bit.

alj:a
0| 1
110

Figure 69: Table of input/output values of the NOT gate (symbolically denoted as: ).

Here is the traditional notation for the gate that's used in electrical engineering logic
diagrams, followed by more recent alternative ways of denoting the gate.

Figure 70: Three notations for the NOT gate.

The logical AND gate takes two input bits and produces one output bit, which is 1 if
and only if both input bits are 1.

abj|a”b
00| O
01| O
10| O
11 1

Figure 71: Table of input/output values of the AND gate (symbolically denoted as").
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Here is the traditional electrical engineering notation for theAND gate followed by
alternate notation.

Figure 72: Two notations for the AND gate.
The fan-out operation is is often implicitly used in circuit diagrams. It's essentially a

copying operation, whose output bits are multiple copies of its input bit. Recall that
it's possible to copy classical information.

Figure 73: Notation for fan-out: of an input bit (left), and of the output of a gate (right).

What about the logical OR gate and the XOR gate? These are de ned as

abja_b abja b
00| O 00| O
01 1 01 1
10| 1 10| 1
11| 1 11| O

Figure 74: Input/output values of the OR and XOR gates (denoted as_ and , respectively).

We don't need them as our fundamental operations because they can &imulated
by ~ and _ gates. For example OR can be simuated by threeNOT gates and one
AND gate usingDeMorgan's Law

a_b=:(Ga”: b: (83)

We can also simulate arKOR gate in terms of AND and NOT gates, which | leave as
an exercise.

Exercise 13.1. Show that anXOR gate can be simulated bjAND and NOT gates.
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13.2 Computing the majority of a string of bits

Every binary string of odd length has either more zeroes than ones or more ones than
zeroes. De ne themajority of an odd-length string as the most common value. Here's
a table of values of the majority function for 3-bit strings, denotedVAJ;.

a |MAJ;(a)
000 0
001
010
011
100
101
110
111

P PR, OR OO

Figure 75: Table of input/output values of the MAJ3 function.

Here's a circuit that computes this majority function for 3-bit strings.

Figure 76: Classical circuit computing the majority value of three bits.

The input bits a;, a,, az are on the left, information ows from left to right, and the
output bit is b= MAJs(ay; ay; a3). The circuit is based on this formula

MAJs(as;az;a3) = (a1 ™ &) _ (a1 a3) _ (ax ™ ag); (84)

where theOR gates are simulated byNOT and AND gates along the lines of Eq. (83).
The total number of OR and NOT gates is nine (and there are three implicit fan-out
gates at the inputs).

of (a1;a;:::;ay), for odd n > 3? What is the gate count of your construction as a
function of n? Does it grow polynomially or exponentially with respect to?
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Exercise 13.2 (level of di culty depends on your prior familiarity with logic cir-

large oddn using a number of gates that scales polynomially with respectnto

13.3 Classical algorithms as logic circuits

We can represent algorithms as logic circuits along the lines of this diagram.

Figure 77: Generic form of a classical circuit (information ows from left to right).

The inputs are on the left, time ows left to right and the outputs are on the right.
Classical computer algorithms are usually described in high level languages, but they
implicitly represent many low-level logic operations, like this circuit.

A reasonable overall cost measure is the number of gates. There are other measures
that we may care about such as thelepth which is the length of the longest path
from an input to an output. Or the width, which is the maximum number of gates at
any level, assuming that the gates are arranged in levels. But, to keep things simple,
let's use the gate count as our main cost measure.

The number of gates depends on what the elementary operations are. We'll take
these to beAND and NOT gates (and let's not count the fan-out operations). What's
important is that a gate does a constant amount of computational work we allowed
arbitrary gates then any circuit could be reduced to just one \supergate,” but the
cost of that one gate would not be very meaningful, since we expect large gates to be
expensive to implement.

13.4 Multiplication problem and factoring problem

Let's consider themultiplication problem where one is given twa-bit binary integers
as input and the output is their product (a 2n-bit integer). For example, for inputs
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101 (5 in binary) and 111 (7 in binary), the output should be 100011 (35 in binary)
because the product of 5 and 7 is 35.

Think of the number of bits n as being quite large, larger than the number of
bits of the arithmetic logic unit of your computer. Do you know of an algorithm
for performing this? | believe that you do know such an algorithm, because you
learned one in grade school. In principle, you could multiply two numbers consisting
of thousands of digits by pencil and paper using that method. And it can be coded up
as an algorithm (commonly referred to as thgrade school multiplication algorithnj.
How e cient is this algorithm? Assuming you learned the algorithm that | did,
its running time scales quadratically in its input size. By quadratic, | mean some
constant timesn? (for su ciently large n).

The constant depends on the exact gate set that you use and we'll often use the
big-oh notation to suppress that.

De nition 13.1. For f;g : NI N, f(n) 2 O(g(n)) if f(n) cg(n) for some
constantc > 0 (and for su ciently large n).

Of course if we want toimplement an algorithm then we do care about what the
constant multiple is. But if we're looking at things theoretically then the big-oh
notation helps reduce clutter and focus attention ormsymptotic growth rates, which
tend to be more important for largen.

There are more e cient algorithms than the grade school method. The current
record is O(nlogn) which is quite good. (There's a rich history of multiplication
algorithms that evolved fromO(n?) to O(n*°8) to O(nlogn loglogn) to O(nlogn),
but we won't get into that here.)

Now, let's look at the factoring problem which can be roughly thought of as the
inverse of the multiplication problem. The input is ann-bit number and the output
is its prime factors. For example, for input 100011, the outputs are 101 and 111 (the
prime factors of 35).

You probably also learned this algorithm in grade school for factoring numbers:
First check if the number is divisible by 2. Then check for divisibility by 3. You can
skip 4, since that's a multiple of 2. Then check 5, skip 6, check 7, and so on. You
can stop once you get to the square root of the number because if you haven't found
a divisor by then, the number must be prime. To get a feel for this, try factoring the
number 91 (or show that it's prime).

How expensive is this computationally? For larg@, there are lots of divisors to
check, exponentially many. The cost is exponential in, namelyO(exp(n)). There are
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more sophisticated algorithms than this method. The best currently-known classical
algorithm for factoring is the so-callednumber eld sieve algorithm which scales
exponentially in the cube root ofn (to be more precise, exp(*log®3(n))). Since
the cube root is in the exponent, this is still essentially exponential. There is no
currently-known classical algorithm for factoring whose cost scales polynomially with
respect ton.

In fact, the presumed di culty of factoring is the basis of the security of many
cryptosystems.

13.5 Quantum algorithms as quantum circuits

Now let's consider quantum circuits.

Figure 78: Generic form of a quantum circuit.

The input data is on the left, as computational basis states. Data ows from left to
right as a series of unitary gates. Then measurement gates occur at the end, which
yields the output of the computation.

Again, we can takes various cost measures for quantum circuits, such as the num-
ber of gates, the depth, or the width. Let's focus on the number of gates. As with
classical circuits, we need a notion of what aelementary gate is. For now, let's
consider the elementary gates to be the set of all 1-qubit and 2-qubit gates. We'll
consider simpler gate sets later on.

Consider the factoring problem again. Peter Shor's famous factoring algorithm can
be expressed as a quantum circuit for factoring that consists 6f(n?logn) gates|a
polynomially bounded number of gates! An e cient implementation of this algo-
rithm would break several cryptosystems, whose security is based in the presumed
computational hardness of factoring.
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14 Simulations between quantum and classical

Itis natural to ask how the classical model of computation compares with the quantum
model of computation. Can quantum circuits simulate classical circuits? Can classical
circuits simulate quantum circuits? How e cient are the simulations?

For quantum circuits to simulate classical circuits, the PauliX gate (that maps
jOi to j1i and jli to jOi can be viewed as aNOT gate, but what quantum gate
corresponds to theAND gate? None of the operations that we've considered so far
has any resemblance to th&ND gate. The To oli gate makes such a connection.

14.1 The To oli gate

I'd like to show you a 3-qubit gate called theTo oli gate, which will be useful for
simulating AND gates. It's denoted this way, like &CNOT gate, but with an additional
control qubit.

Figure 79: To oli gate acting on computational basis states (a; b;c2 f 0; 1g).

On computational basis states, it ips the third qubit if and only if both of the rst
two qubits are in statejli; otherwise it does nothing. The 8 8 unitary matrix for
this gate is

2

(85)

O OO OO0 0O OOk
o eololNololNoll e
ol eololNololl oo
O OO oOPFrr O OO
O OO PFrr OO OO
OO L OO OO0OOo
P OO OO 0O0OO0o0OOo
O PNQUPRERRIO w

For arbitrary 3-qubit states, that are not necessarily computational basis states, the
action of the gate on the state is to multiply the state vector by this 8 8 matrix.
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The To oli gate is sometimes called thecontrolled-controlledNOT gate. This
makes sense, because the To oli gate is a controll&@NOT gate.

Figure 80: To oli gate is a controlled-CNOT gate (also a controlled-controlledNOT gate).

14.2 Quantum circuits simulating classical circuits

Theorem 14.1. Any classical circuit of sizes can be simulated by a quantum circuit
of sizeO(s), where the gates used are Pauki, CNOT, and To oli.

Proof. We use To oli gates to simulate AND gates as illustrated in gure 81.

Figure 81: Using a To oli gate to simulate a classical AND gate.

Bits are represented as computational basis states in the natural way (bésb2 f 0; 1g
are represented byai and jhbi). To compute the AND of a and b, a third ancilla qubit
in state jOi is added and then a To oli gate is applied as shown in gure 81. This
causes the state of the ancilla qubit to becom@” bi. The rst two qubits can be
discarded, or just ignored for the rest of the computation. That's how aAND gate

can be simulated.
To simulate NOT gates, we can use the Pauk gate.

Figure 82: Using anX -gate to simulate a classicalNOT gate.

Finally, we can explicitly simulate a fan-out gate by adding an ancilla in statgOi
and apply aCNOT gate, as in gure 83.
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Figure 83: Using aCNOT gate to simulate a classical fan-out gate.

]

Remember that circuit in gure 76 for computing the majority of 3 bits? Here's a
guantum circuit that simulates that circuit using To oli gates for AND and X gates
for NOT.

Figure 84: Computing the majority of three bits using To oli and X gates.

The output is the last qubit. (Note how this quantum circuit does not need to
explicitly simulate the fan-out gates of the inputs.)

You may have noticed that we de ned quantum circuits to be in terms of 1-qubit
and 2-qubit gates, but our simulation of classical circuits used 3-qubit gates: the
To oli gate. We can remedy this by simulating each To oli gate by a series 2-qubit
gates. I'm going to show how to do this.

To start, we will make use of a 2 2 unitary matrix with the property that if you
square it you get the PauliX. SinceX is essentially theNOT gate, this matrix is
sometimes referred to as a \square root ddOT". Note that, in classical information,
there is no square root oNOT, so the quantum square root oNOT can be regarded
as a curiosity. Let's refer to this matrix asV.

Exercise 14.1 (straightforward). Find a 2 2 unitary matrix V such thatV? = X.

Henceforth, I'm going to assume that we have such a matri¥ in hand. From this,
we can de ne a controlledvY gate. Also, we can de ne a controlled/ gate. Now,
consider the following circuit, consisting of 2-qubit gates.
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Figure 85: Simulating a To oli gate in terms of 2-qubit gates.

| claim that it computes the To oli gate. How can we verify this?

Let's discuss two possible approaches. The rst approach has the advantage that
it's completely mechanical. No creative idea is needed to carry it out. What you can
do is work out the 8 8 matrix corresponding to each gate and then multipf the
ve matrices and see if the product is the matrix in Eq. (85) for the To oli gate.

A second approach is to try to nd shortcuts based on the logic of the gates, to
avoid tedious calculations. In this case, note that it it su cient to verify that the
circuits are equivalent in the case where the rst two qubits are in computational
basis state§00i, jO1i, j10i, j11i.

Consider thejO0 case. In this case, none of the controlled-gates have any e ect,
so the state on the third qubit doesn't change|which is consistent with what the
To oli gate does in this case. What about thejOli case? Then none of the gates
controlled by the rst qubit have any e ect, so the circuit reduces to a controlledvy
followed by a controlledV , acting on the second and third qubits, which simpli es
to the identity (since VV = [). I'll leave it to you to analyze the other two cases.

Exercise 14.2. Continue the analysis of the correctness of the circuit in gure 85
for the cases where the control qubits are in stagg0d and in statej11i.

This kind of approach, when it can be made to work, has two advantages. First, it
avoids a tedious calculation. Second, thinking about it this way, we can gain some
intuition about why the circuit works. In the future, if you need to design a quantum
circuit to achieve something, such intuition can be helpful.

Exercise 14.3 (Challenging). Show how to simulate a To oli gate using onfCNOT
gates and 1-qubit gates. Thus, no controllédi-gates forU 6 X are allowed.

Some classical algorithms make use of random number generators and we have
not captured this in our de nition of classical circuits. Say we allow our classical

5A word of caution: gates go from left to right, but the corresponding matrix products go from
right to left (because we multiply vectors on the left by matrices).
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algorithms to access random bits, that are zero with probability% and one with
probability % Can we simulate such random bits with quantum circuits? This is
actually quite easy, since constructing &+ i state and measuring it yields a random
bit.

Figure 86: Using a Hadamard and a measurement gate to generate a classical random bit.

But this entails an intermediate measurement. Our quantum circuits will not look
like the ones we de ned earlier, where all the measurements are at the end. Can we
simulate random bits without the intermediate measurements? The answer is yes, by
the following construction.

Figure 87: Simulating random bits without using measurements.

Instead of measuring the qubit in thej+i state, we apply aCNOT gate to a target
qubit (an ancilla) in state jOi. Then we ignore that ancilla qubit for the rest of
the computation. The nal probabilities when the circuit is measured at the end
will be exactly the same as if a random bit had been inserted at that place in the
computation. | will leave this as an exercise for you to prove that this works.

Using our decomposition of the To oli gate into 2-qubit gates and our results about
simulating classical randomness, we can strengthen Theorem 14.1 to the following.

Corollary 14.1. Any classical probabilistic circuit of sizes can be simulated by a

guantum circuit of sizeO(s), consisting of 1-qubit and 2-qubit gates.

14.3 Classical circuits simulating quantum circuits

Classical circuits can simulate quantum circuits but the only known constructions
have exponential overhead.

Theorem 14.2. A quantum circuit of sizes acting on n qubits can be simulated by
a classical circuit of sizeO(sn?2").
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Proof. I;L'he iIdea of the simulation is quite simple. Am-qubit state is a 2'-dimensional
vector o1 xJXi. Store the 2 in an array of size 2, each with n-bits precision
(which means accuracy within 2").

000

001

010

111

X
Figure 88: 2'-dimensional array storing the amplitudes of state x JXi.

x2f 0;1g"

The initial state is a computational basis state. Each gate corresponds té 2 2"
matrix and the e ect of the gate is to multiply the state vector by that matrix. In fact
that matrix will be sparse for 1-qubit gates and 2-qubit gates, with only a constant
number of nonzero entries for each row and each column. Therefore, there are a
constant number of arithmetic operations per entry of the array. Let's allowD(n?)
elementary gates for each such arithmetic operatibr{on n-bit precision numbers).
The simulation cost isO(n?2") for each gate in the circuit. We multiply that by the
number of gates in the quantum circuits to get a cost ofO(sn?2"). That's the gate
cost to get the nal state of the computation, just before the measurement.

What about the measurements? For this, we compute the absolute value squared
of each entry of the array. Again, that's 2 arithmetic operations. At this point, the
entries in the array are the probabilities after the measurement.

The output of the quantum circuit is not the probabilities; it's a sample according
to the distribution. How do we generate that sample? First we sample the rst bit
of the output, the probability that that this bit is 0 is the sum of the rst half of
the entries of the array; the probability that bit is 1 is the sum of the second half.
Once we have the rst bit, we can use a similar approach for the second bit, using
conditional probabilities, conditioned on the value of the rst bit, and so on for the
other bits. This also costsO(n?2") elementary classical gates. ]

Note that if we take the quantum circuit that results from Shor's algorithm and
then simulate it by a classical circuit then simulate that quantum circuit by a classical

6Using simple grade-school algorithms for addition and multiplication.
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circuit, the result is not very e cient. It's exponential and in fact it's worse than the
best currently-known classical algorithm for factoring.

If we view the aforementioned simulation in the usual high-level language of algo-
rithms, it is exponential spacein addition to exponential time (because it stores the
huge array). In fact there's a way to reduce the storage space to polynomiallwhile
maintaining exponential time.

Exercise 14.4 (challenge) Show how to do the above simulation as an algorithm
using only a polynomial amount of space (memory).
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15 Computational complexity classes in brief

In theoretical computer science, there are various taxonomies of computational prob-
lems according to their computational di culty. I'll brie y show you a few of these
and how the power of quantum computers ts in within this classi cation.

Consider all binary functions over the set of all binary strings (of the forni
f0;1g ! f 0;1g, where denotes the Kleene closufein this context). The input
is a binary string of some lengthn, wheren can be anything. And the output is
one bit. These are sometimes called decision problems since the answer is a binary
decision, 0 or 1, yes or no, accept or reject. This is a common convention for reasons of
simplicity. Most problems that are not naturally decision problems can be reworked
to be expressed as decision problems.

P (polynomial time)
Solvable byO(n®)-size classical circuit$ (for some constantc).

BPP (bounded-error probabilistic polynomial time)
Solvable by O(n°®)-size probabilistic classical circuits whose worst-case error

probability® is 1.

BQP (bounded-error quantum polynomial time)
Solvable byO(n°)-size quantum circuits with worst-case error probability %1

EXP (exponential time)
Solvable byO(2")-size classical circuits.

The following containments among these complexity classes are known:

P BPP BQP EXP: (86)

"More specically, f0;1g = ? [f 0;1g[f O;1g? [f 0;1g%[

8Technically, we require uniform circuit families , one for each input sizen, with an algorithmic
way of mapping n to the circuit for size n.

9There is some arbitrariness in the error bound%. Any polynomial-size circuit achieving this can
be converted into another circuit whose error probability is by repeating the process log(% )
times and taking the majority value. Using % is simple, though any constant below% would work.
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16 The black-box model

In the next few subsequent sections, we are going to see some simple quantum algo-
rithms in a framework called theblack-box model First, in this section, I'll explain
this computational model.

16.1 Classical black-box queries

Imagine that f is some function that is unknown to us and we're given a device that
enables us to evaluatd on any particular input, of our choosing, and that this is
our only way of acquiring information aboutf . Such a device is commonly called a
black-boxfor f .

Figure 89: A gate performing anf -query.

If we want to evaluate the function on some inputx, we insertx into the black-box
and then the value off (x) pops out, for us to see. We call this process of evaluating
the function at an input an f -query.

Now, suppose that we want to acquire some speci ¢ information about a func-
tion f, and that we want to do this with as few queries as possible. We can think
of this as a game, where we want to know something about an unknown functibn
and we're only allowed to ask questions like \what's the value df at point x?" for
any x of our choosing. How many such questions do we have to ask?

One example that illustrates the general idea ipolynomial interpolation. Here,
one is given a black-box computing an unknown polynomial of degree updpand the
goal is to determine which polynomial it is. At how many points does the polynomial
have to be evaluated to accomplish this?

Figure 90: Interpolating linear and quadratic functions with as few queries as possible.
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If f : R! R is an unknown linear function then one evaluation is insu cient for
determining whatf is; however, two queries su ce (linear interpolation). Iff : R!

R is quadratic then it turns out that three evaluations are necessary and su cient.
In general, iff is a polynomial with degree up tod then the number of queries that
are necessary and su cient isd + 1.

We will focus our attention on functions over nite  domains instead ofR, such
asf0;1g". Let us begin by considering the simple case where we have an unknown
f :f0;1g ! f 0;1g. There are only four such functions and here are the tables of
values for each of them:

X | (X) X | f(x) X | f(x) X | f(x)
0o O 0| 1 0o O 0| 1
1] O 1] 1 1] 1 1] O

Figure 91: The four functionsf : f0;1g!f O0;1g.

Suppose that we're given a black-box for such a function, but we don't know of the
four functions it is.
Suppose that our goal is to determine whether:

" f(0) = f (1) (the rsttwo cases in gure 91); or
" £(0) 6 f (1) (the last two cases in gure 91).

To be clear, we are not required to determine which of the four functiorfs is; just
whether it's among the rst two or the last two. How many queries do we need
to accomplish this? Please think about this. We will get back to this question in
section 17.1.

16.2 Quantum black-box queries

A classical query is along the lines of gure 89. We can set the input to any
in the domain of f. Then we receive as output the value of (x). Does it make
sense to de ne aguantum query? Let's keep our attention on the simple case where
f:f0;1g!f 0;1g (gure 91); we will consider more general cases later.

| rst want to show you a nasve rst attempt at de ning a quantum query that
doesnot work. The classical query maps bits to bits. De ne a quantum query
(mapping qubits to qubits) that correspondingly maps computational basis states to
computational basis states, as in gure 92.
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Figure 92: Nawe attempt to de ne a quantum query|that doesn't work!

For each of the four functionsf : f0O;1g ! f 0;1g in gure 91, here are the corre-
sponding mappings on computational basis states.

jai | f (a)i jai | jf (a)i jai | jf (a)i jai | jf (a)i
i0i | joi i0i | jdi i | joi ol | jdi
i1li | joi it | jai i1 | i i1 | joi

Figure 93: Input-output relationships for nasvely de ned quantum query gate.

By linearity, we get these four linear operators.
11 00 10 01
00 11 01 10 87)
The third and fourth are familiar unitary operations: the identity operation and the
Pauli X operation. But notice that the rst two are not unitary operations. This
violation of unitarity is a serious problem. For example, the rst two linear operators
both map the stateji to the zero vector, a two-dimensional vector whose amplitudes
are both zero, which makes no sense as a quantum state. So this approach does not
work.

In order for a classical mapping to be quantizable in the above manner it must
be bijective. Then the underlying linear operator is given by a permutation matrix,
which is unitary.

We will rst de ne a reversible classicaf -query that is bijective whether or not
f itself is bijective. In the case wherd : f0;1g ! f 0;1g, the reversible classical
f -query is the mappingf0;1g® ! f 0;1g®> dened as @;b 7! (a;b f(a)) (for all
a; b2 f 0; 1g). Here is notation for a reversible classicdl-query.

Figure 94: Reversible classicaf -query (for f : f0;1g!f O0; 1g).
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Why is this mapping f0;1g® ! f 0;1g? bijective? One way to see this is to observe
that the mapping is its own inverse.

The reversible classicdi -query is easy to quantize as the 2-qubit unitary operation
that maps jaijhbi to jaijb f(a)i (for all a;b 2 f0;1g?). Here is notation for a
guantum f -query (in the case wherd :f0;1g!f 0; 1g).

Figure 95: Quantum f -query (for f : f0;1g ! f O;1g).

Note that the above de nes the e ect of thef -query on computational basis states.
This determines a unitary operator that de nes the e ect of thef -query on arbitrary
guantum states.

We can generalize the above de nition to arbitrary functiong : f0;1g" !'f 0; 1g™.
The f -query is a unitary operation acting onn + m qubits de ned as follows.

De nition 16.1. Let function f : f0;1g" ! f 0;1g™. Then a quantum f -query is
de ned as the unitary operation acting om + m qubits with the property that, for all
a2f0;1g" andb2f 0;1g™,

jajb7jaijb f(a)i; (88)
whereb f (a) denotes the bit-wis® XOR between them-bit strings b and f (a).

Here is notation for a general quantunf -query.

Figure 96: Quantum f -query (for f : f0;1g" !'f 0;1g™).

10The bit-wise XOR between (;bp;:::;by) and (c1;¢;:::5¢m)is (by c1;bp Ciiijbn  Cm).
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17 Simple quantum algorithms in black-box model

The simple quantum algorithms in this section are admittedly curiosities, rather than
practical algorithms. It's hard to think of real-world applications that t their frame-
work, and where it's worth the trouble to build a quantum device to solve these
problems. What you should pay attention to are the maneuvers that these quantum
algorithms make. After these algorithms, we'll be seeing increasingly sophisticated
extensions of these maneuvers, that accomplish more dramatic algorithmic feats.

17.1 Deutsch's problem

The rst problem that we'll consider involves functionsf : f0;1g!f 0;1g (the four
such functions are shown in gure 91). Remember the question of how many queries
are necessary to determine whether or ndt(0) = f(1)? This is the de nition of
Deutsch's Problem.

De nition 17.1. Deutsch's Problemis de ned as the problem where one is given as
input a black box for somé : f0;1g ! f 0;1g and the goal is to determine whether
or not f (0) = f (1) by making queries td .

Let's rst consider classical queries necessary to solve Deutsch's problem. One
query is not su cient. To see why this is so, suppose that you make one query at
somea 2 f 0; 1g to acquiref (a). This gives absolutely no information about theother
value, f (: @). It is possible thatf (: @) = f (a) and it is possible thatf (: a) 6 f (a).
Therefore, two queries necessary and clearly two queries are also su cient.

You may wonder whether the number ofeversibleclassical queries is di erent. In
fact, reversible classical query atg; b) provide exactly the same amount of information
as a simple classical queries of @ The output of the reversible query at @;b) is
(a;b f(a)), and note that (a;b) are already known. Therefore, there are only two
possibilities of interest for the output:

b f(a)= b, which occurs if any only iff (a) = 0O; (89)
b f(a) 6 b, which occurs if any only iff (a) = 1.

Therefore, even with reversible classical queries, one query is not su cient.
Now let's see what an algorithm solving Deutsch's Problem with two reversible
classical queries looks like. Here's a classical circuit expressing such an algorithm.
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Figure 97: Classical algorithm for Deutsch that makes two reversible classical queries.

The rst query XORs the value off (0) to the second bit. Then the rst bit is ipped
to 1, so the second query)XORs the value off (1) to the second bit. At the end,
the second bit contains the value of (0) f (1), which is the solution to Deutsch's
problem.

There is an obvious 2-query quantum algorithm that solves Deutsch's problem
just like the circuit in gure 97. But quantum circuits need not be restricted to
these types of operations, where states are always in computational basis states. This
guantum circuit that solves Deutsch's problem with just one single query!

Figure 98: Quantum algorithm for Deutsch that makes just one quantum query.

How does it work? It's very di erent from any classical algorithm. There are three
Hadamard transforms, and each one plays a di erent role in the computation. Let's
look at how each Hadamard contributes to the computation in this order.

Figure 99: The three separate Hadamard transforms.

i What the rst Hadamard does

This is the Hadamard applied to the second qubit, in statgli. Obviously, this
creates theji state. What's interesting about creating this state here is that it's an
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eigenvector of the PauliX . Performing an X -operation onji causes it to becomeé
pl—ijli pl—ijOi = ji

With the second qubit in stateji , if the rst qubit is in the computational basis
state jai then the f -query causes the second qubit to change by a factor ofl if and
only if f (a) =1, as shown in the following circuit diagram.

Figure 100: Caption.

Note that ( 1)'® is a succinct notation for expressing the two cases, since

(+1 if f(a)=0

f(a) —
(1) 1 iff(a)=1.

(90)

Notice that the 2-qubit output state is ( 1)) @ jaiji andthe ( 1)'® does not really
belong to a speci ¢ qubit of the two. We can equivalently write the circuit this way.

Figure 101: Caption.

But this is an interesting way of thinking about what the query does when the second
qubit is in state ji . Namely, the rst qubit picks up a phase of ( 1)'®, and the
second qubit doesn't change. We sometimes call thgsierying in the phase

At this point, you might wonder why we should care about this, since this is a
global phase, and we know that global phases don't matter. But it's only a global
phase if the rst qubit is in a computational basis state, of the formjai. It's not a
global phase if the rst qubit is in superposition. This brings us to the role of the
second Hadamard.

111 et's keep track of the distinction between betweenji and ji , even it's only a global phase.
The signi cance of this will become clear shortly.
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What the second Hadamard does

This brings us to the role of the second Hadamard, that's applied to the rst qubit.
That causes the rst input qubit to the query to be in an equally weighted superpo-
sition of jOi and jli, namely, the j+i state. Now the state of the rst output qubit
after the query is in a superposition of0i and j1i with respective phases (1)'© and
( )0,

Figure 102: Caption.

So, after the query, the state of the rst qubitisst( 1)'@ joi + (1))@ jli. Let's
look at what this state is for each of the four possible functions back in gure 91.
The corresponding states of the rst qubit are respectively

o+ el PO PSjL RO eLjli eLj0i+ ehjli: (91)

Notice that, for the rst two cases (wheref (0) = f (1)), the stateis ~ p% jOi + 5 j1i ;
and for the last two cases (wherd (0) 6 f (1)), the state is  #5jOi  #5jli .
Therefore, to solve Deutsch's problem, we need only distinguish betwegn+i and
ji . Which brings us to the third Hadamard.

What the third Hadamard does

This Hadamard maps j +i to j Oi and ji to j li. Measuring the resulting
gubit in the computational basis yields
(
0 iff(0)=f(2)

1 iff(0)6 f(L). (2)

Therefore, the output bit of the algorithm is the solution to Deutsch's problem.

Here is a summary of the 1-query quantum algorithm for Deutsch's problem, and
the role that each of the three Hadamard transforms plays in it.
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Figure 103: Summary of the role that eachH transformation plays in the algorithm.

This quantum algorithm accomplishes something with one query that would require
two classical queries by any classical algorithm.

Notice what this algorithm doesnot do. It does not somehow extract both values
of the function, f (0) and f (1), with one single query. In fact, if you run this algo-
rithm, then you get no information about the value off (0) itself. Also, you getno
information about the valuef (1) itself. You only get information aboutf (0) f (1).

17.2 One-out-of-four search

Now let's try to generalize this methodology to another problem.

Let f : f0;1g? ! f O;1g with the special property that it attains the value 1 at
exactly one of the four points in its domain. There are four possibilities for such a
function and here are their truth tables.

X | foo(X) X | fo1(x) X | f10(x) X | f11(x)
00 1 00| O 00| O 00| O
01| O 01 1 01| O 01| O
10| O 10| O 10 1 10 O
11| O 11| O 11| O 11 1

Figure 104: The four functionsf : f0;1g? ! f 0;1g that take value 1 at a unique point.

Now, suppose that you're given a black-box computing such a function. You're
promised that it's one of these four, but you're not told which one. Your goal is
to determine which of the four functions it is.
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First of all, how many classical queries do you need to do this? The answer is
three queries. You can query in the rst three places and see if one of them evaluates
to 1. If none of them do then, by process of elimination, you can deduce that the 1
must be the fourth place.

Now, what about quantum queries? Let's try to build a good quantum algorithm
for this. For functions mapping two bits to one bit, the queries look like this.

Figure 105: Query gate for a functionf : f0;1g? ! f 0;1g.

There are two qubits for the input, and a third qubit for the output of the function.

In the computational basis, the value of (al;a2) is XORed onto the third qubit. Of

course, that description is for states in the computational basis. But, there is a unique

unitary operation that matches this behavior on the computational basis states.
Let's start, along the lines that we did for Deutsch's algorithm: by setting the

target qubit to state ket-minus so as to query in the phase; and then querying the

inputs in a uniform superposition.

Figure 106: Starting along the lines of Deutsch's algorithm. (Intermediate stages are marked.)

Let's trace through the execution of this quantum circuit. At each stage, we will
determine the state of the three qubits at that stage.

State at stage

The state after the Hamadard operations, but just before the query is

jod + jodi + j10 + j11 ji (93)
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State at stage

The query does not a ect the state of the third qubit, but it changes the state of the
rst two qubits to

% j 00 + jO1i + j10 + j11i in the case off oo
jO0 j 01 +j10 + j11 in the case off o;
E joO + jO1i j 10 + j12i in the case off 1o
jOO + jOl1i + j100 j 11 in the case off 15:

(94)

Looking at these four states, what noteworthy property do they have? They're or-
thogonal! If you take the dot-product between any two of these vectors then you
get two positive terms and two negative terms, which cancel out. Since they're or-
thogonal, we can measure with respect to this basis. In other words, there exists a
unitary operation U that maps these states to the computational basis, and then we
can measure in the computational basis.

Figure 107: Quantum algorithm for the 1-out-of-4 search problem.

So this quantum circuit only makes one quantum query and it correctly identi es the
function (among the four). And this would require 3 classical queries.

As an aside, a small challenge question is to give a quantum circuit with only
and CNOT gates that computes the abovéJ. I'll leave this for you to consider.

It is possible to get a more dramatic quantum vs. classical query separation than
1vs. 3?

17.3 Constant vs. balanced

Next we'll see a problem where a quantum algorithm solves a problem with exponen-
tially fewer queries than any classical algorithm.

Letf :f0;1g" ! f 0;1g. We call such a functionconstant if either its value is 0
everywhere, or its value is 1 everywhere. We call such a functibalancedif its value
is 0 in exactly the same number of places that its value is 1. There aré gossible
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inputs to such a function. Therefore, a balanced function takes value 0 in exactly
2" ! places and it takes value 1 in exactly2 ! places.
Here are some examples of tables of functions for the= 3 case:

a | fi(a) | fa(a) | f3(a) | fa(@) | fs(a)
000| O 1 0 1 0
001 O 1 0 1 0
010| O 1 0 0 0
011 0 1 0 1 0
100 O 1 1 0 0
101 0 1 1 0 0
110 0 1 1 0 1
111 0 1 1 1 0

Figure 108: Examples of functions that are constant, balanced, and neither.

The rst two functions, f; andf,, are the two constant functions: the all-zero func-
tion and the all-one function. The third function f; is a balanced function with all
the zeroes before all the ones. Anfl, is another balanced function, but with the
positions of the zeros and ones mixed up. How many balanced functions are there?
Exponentially many (the number is approximately&”—ﬁ). And fg is neither constant
nor balanced|just as a reminder that this third category exists.

For the constant-vs-balanced problenwe're given a black-box computing a func-
tion that is promised to be either constant or balanced, but we're not told which one.
Our goal is to gure out which of the two cases it is, with as few queries tb as
possible.

First of all, how many queries do we need to solve this problem by a classical
algorithm? If you think about this, you'll probably realize that, even if you query
the function in many spots and always see the same value, you still might not know
which way it goes. It could be constant. But it could also be that, in many of the
places that you did not query, the function takes the opposite value and it's actually
a balanced function. It's only after you've queried in more than half of the spots
that you can be sure about which case it is. Therefore, for number of queries that a
classical algorithm must make is2 1 + 1. That's a lot of queries whenn is large.

How many queries can a quantum algorithm get by with? In fact, this problem
can be solved by a quantum algorithm that makes just one single query! Let's see
how that works.
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We'll start o as usual, setting the target qubit to state ji and setting the the
other qubits|those where the inputs to f are|into a uniform superposition of all
n-qubit basis states. That's what applying a Hadamard to each af qubits in state
jOi does.

Figure 109: Starting o in a manner similar to the two previous algorithms.
So the state right after the query is

1 X

p? ( D)'@jaiji (95)
a2f 0;1g"

The rst n qubits are the interesting part of this state, which is a uniform superpo-

sition of all 2" computational basis states of qubits, with a phase of ( 1)@ for

eachjai.

What does this state looks like in the constant case? In that case, either all the
phases are +1 or all the phases arel. So the state remains in a uniform superposition
of computational basis states and just picks up a global phase of +1 orl.

Now, what can we say about the state in the balanced case? There are lots of
possibilities, depending on which particular balanced function it is. But one thing
we can say is that the state is orthogonal to the state that arises in the constant
case. Why? Because, in the computational basis, the state will have +1 in half of
its components and 1 in the other half. So when you take the dot product, with a
vector that has (say) +1 in each component you get a sum of an equal number of +1s
and 1s, which cancel and results in zero.

Something that we've seen a few times before is that, when the cases that we're
trying to distinguish between result in orthogonal states, we're in good shape. Being
orthogonal means that, in principle, the states are perfectly distinguishable.

Let's make this more explicit. Suppose that we now apply a Hadamard to each of
the rst n qubits, and consider what happens in the constant case and in the balanced
case. In the constant case, this transforms the state tg 00:::0i = j 0"i. In the
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balanced case, since unitary operations preserve orthogonality relationships, the state
is transformed to some state that is orthogonal tg0"i.
After this nal layer of Hadamards, we measure the state of the rsin qubits.

Figure 110: Quantum algorithm for the constant-vs-balanced problem.

If the outcome is 0Q::0 = 0" then we report \constant” and if the outcome is
any string that's not 0" (not all zeroes) then we report \balanced". Note that, in the
balanced case, it's impossible to get outcomé&,(ecause measuring a state orthogonal
to jO"i cannot result in outcome 0.

That's how the one-query quantum algorithm for the constant-vs-balanced prob-
lem works. It achieves something with one single query that requires exponentially
many queries by any classical algorithm.

17.4 Probabilistic vs. quantum query complexity

Although everything I've said about the classical and the quantum query cost for
the constant-vs-balanced problem is true, there's something unsatisfying about the
\exponential reduction” in the number of queries that the quantum algorithm attains.
The classical query cost is expensianly if we require absolutely perfect performance
If a classical procedure queriels in random locations then, in the case of a balanced
function, it would have to be very unlucky to always draw the same bit value.

Here's a classical probabilistic procedure that makes just two queries and per-
forms fairly well. It selects two locations randomly (independently) and then outputs
\constant” if the two bits are the same and \balanced" if the two bit values are
di erent.

What happens iff is constant? In that case the algorithm always succeeds. The
two bits will always be the same. What happens if is balanced? In that case
the algorithm succeeds with probability%. The probability that the two bits will be
di erent will be 1.

By repeating the above procedurk times, we can make the error probability
exponentially small with respect tok. Only 4 queries are needed to obtain success
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probability %. And, the success probability can be a constant that's arbitrarily close
to 1, using a constant number of queries.

In summary, we've considered three problems in the black-box model. For each
problem, a quantum algorithm solves it with just one query, but more queries are
required by classical algorithms.

classical classical
problem guantum | deterministic | probabilistic
Deutsch 1 2 2
1-out-of-4 search 1 3 3
Const. vs. balanced 1 2" 141 0o(1)

Figure 111: Summary of query costs for problems considered so far.

For Deutsch's problem, any classical algorithm requires 2 queries. For the 1-out-of-4
search problem, any classical algorithm requires 3 queries. And, for the constant-
vs-balanced problem, any classical algorithm requires exponentially many queries to
solve the problem perfectly; however, there is a probabilistic classical algorithm that
makes only a constant number of queries and solves the problem with bounded error
probability.

Along this line of thought, the following question seems natural: Is there a black-
box problem for which the quantum-vs-classical query cost separation is stronger?
For example, for which even probabilistic classical algorithms with bounded-error
probability require exponentially more queries than a quantum algorithm?

We'll address this question in the next section.
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18 Simon's problem

We are going to investigate a black-box problem calle8imon's Problem For this
problem, there is an exponential di erence between the probabilistic classical query
cost and the quantum cost. Also the quantum algorithm for this problem introduces
some powerful algorithmic techniques in a simple form. Simon's Problem is a slightly
more complicated black-box problem than those that we've seen up to now, involving
functions from n bits to n bits.

It is interesting for two reasons:

1. Itimproves on the progression of black-box problems where quantum algorithms
outperform classical algorithms. The quantum algorithm requires exponentially
fewer queries than even probabilistic classical algorithms that can err with con-
stant probability, say 1.

2. The quantum algorithm for Simon's problem introduces a technique that tran-
scends the black-box model. When looked at the right way, the ideas intro-
duced in Simon's algorithm lead naturally to Shor's algorithm for the discrete
log problem|which is not a black-box problem! Shor discovered his algorithms
(for discrete log and factoring) soon after seeing Simon's algorithm, and in his
paper, he acknowledges that he was inspired by Simon's algorithm.

18.1 De nition of Simon's Problem

The problem concerns function$ : f0;1g" ! f 0;1g" that are 2-to-1 functions which
means that, for every point in the range, there are exactly two pre-images. In other
words, for every value that the function attains, there are exactly two pointsa and b,
in the domain that both map to that value. We call such a pair of points aolliding
pair. If a6 bandf (a) = f (b) then a and b are a colliding pair.

Now, there's a special property that some 2-to-1 functions have, that we'll call the
Simon property.

De nition 18.1. A 2-to-1function f : f0;1g" ! f 0;1g" has the Simon property if
there existsr 2 f 0; 1g" such that: For every colliding pair(a; b, it holds thata b= r.

For a;b2f0;1g", a bdenotes their bit-wiseXOR That is, you take the XOR of
the rst bit of a with the rst bit of b, and then you take theXOR of the second bit
of a with the second bit ofb, and so on.

Let's look at an example. Here's a 2-to-1 functiof : f0;1g® ! f  0; 1¢°.
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a |f(a)
000| 011
001 101
010/ 000
011|010
100| 101
101| 011
110| 010
111 | 000

Figure 112: Example of function satisfying the Simon property forn = 3.

I've color coded the colliding pairs. For example, if you look at the two green points
in the domain, 000 and 101, you can see thd&t maps both of these points to 011
(and those are the only points that are mapped to 011). So the two green points
are a colliding pair. Also, the two red points 011 and 110 are a colliding pair, both
mapping to 010. And there is a blue colliding pair and a purple colliding pair.

OK, so thisf is a 2-to-1 function. But it also has the additional Simon property.
If you take any colliding pair (a;b then a bis always the same 3-bit string. Can
you see what that stringr is in this example?

Did you getr = 101? If you pick any color and take the bit wiseXOR of the two
strings of that color you'll get 101. For example, for the red pair, 011 110 = 101.

Note that, for an arbitrary 2-to-1 function, the bit-wise XORs can be di erent for
di erent colliding pairs. So the 2-to-1 functions that satisfy the Simon property are
special ones, for which these bit-wis¥ORs are always the same.

Now we can de ne Simon's problem.

De nition 18.2 (Simon's problem) You are given access to a black-box for a 2-to-1
functionf :f0;1g" I'f 0; 19" that has the Simon property, but you are given no other
information about f . You don't know what the colliding pairs are and you don't know
the value ofr. Your goal is to nd the value ofr.

In the above exampley = 101. For a general functionf : f0;1g" ! f 0;1g", r could
potentially be any non-zeron-bit string.
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18.2 Classical query cost of Simon's problem

Let's try to think about how hard this black-box problem is. In the example, we could
nd r by taking the bit-wise XOR of any colliding pair. So, once we have a colliding
pair, it's easy to nd r. Therefore, one way to solve this is to nd a colliding pair.
But notice that any two distinct n-bit strings could be a colliding pair for soma. So
if we make a query at some poing, we learn the value off (a), but we have no idea
for which b6 a, you get a colliding pair.

Here's an example of a classical algorithm for Simon's problem. If we a have a
budget of m queries, queryf at m random points inf0; 19" and then check if there's
a collision among them. If any two are a colliding pair then their bit-wiseXORis the
answerr. If there are no collisions then the algorithm is out of luck; in that case it
failsto nd r.

How large shouldm be set to so that the probability of a collision is at Ieasﬁ?
There are 2 points in the domain, and each pair of queries will collide with probability
Zin. Since there are ar%unam2 pairs, the expected number of collisions is roughiy?
times 5. Setting m 2" su ces to make this expectatiolg a constant?,

So there's a classical algorithm that solves this wit® =~ 2" queries. It's better
than querying f everyhere, which would cost 2 queries. But the square root just
amounts to a reduction by a factor of 2 in the exponent. It's still exponentially many
gueries. What's interesting is that the above is essentially the best possible classical
algorithm.

Theorem 18.1. Any classical algorithm tlbat solves Simon's problem with worst-case
success probability at leas} must make 2" queries.

How do we know this? Wecannot deduce this simply based in the fact that this is the
best algorithm that we could come up with. How can we be sure that there isn't some
clever trick that we haven't discovered? Also, notice that is not an arbitrary 2-to-1
function. It is a 2-to-1 with the Simon property, which is a very special structure.
So it's conceivable that a classical algorithm can somehow take advantage of that
structure to nd a collision in an unusual way.

Theorem 18.1 is true, but it requires a proof. The proof is not as trivial as
the argument that two queries are needed for Deutsch's problem, or that 3 queries
are needed for the 1-out-of-4 search problem. It requires a more careful argument. If

12You may recognize in this analysis the so-called \birthday paradox", where you consider what
the chances are that there are two people in a group of (say) 23 people who have the same birthday.
It's 50%, assuming that people's birthdays are uniformly distributed.
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you're interested in seeing the proof, it is in the next subsection 18.2.1. The proofisn't
particularly hard, but it requires some set-up. Feel free to skip past subsection 18.2.1
on a rst reading.

18.2.1 Proof of classical lower bound for Simon's problem (Theorem 18.1)

In this section, we prove Theorem 18.1. The proof uses some standard techniques
that arise in computational complexity; however, this account assumes no prior back-
ground in the area.

The rst part of the proof is to \play the adversary" by coming up with a way of
generating an instance of that will be hard for any algorithm. Note that picking
some xed f will not work very well. A xed f has a xedr associated with it and
the rst two queries of the algorithm could be 0' and r, which would revealr to the
algorithm after only two queries. Rather, we shaltandomly generate instances df .
First, we pick r at random, uniformly fromf0; 1g" 0. Picking r does not fully spec-
ify f but it partitions f0;1g" into 2" * colliding pairs of the formfx;x rg, for which
f(x)= f(x r)will occur. Let us also specify a representative element form each col-
liding pair, say, the smallest element ofx; x rgin the lexicographic order. LetT be
the set of all such representativesT = fs:s=minfx;x rg for somex 2 f 0; 1g"g.
Then we can de nef in terms of a random one-to-one function : T ! f 0;1g"
uniformly over all the 2'(2" 1)(2" 2)(2" 3) (2" 2" '+1) possibilities. The
de nition of f can then be taken as

(%) ifx2T

FO= & 1y i xear:

We shall prove that no classical probabilistic algorithm can succeed with probabilit%/
on such instances unless it makes a very large number of queries.

The next part of the proof is to show that, with respect to the above distribution
among inputs, we need only considedeterministic algorithms (by which we mean
ones that make no probabilistic choices). The idea is that any probabilistic algo-
rithm is just a probability distribution over all the deterministic algorithms, so its
success probabilityp is the average of the success probabilities of all the deterministic
algorithms (where the average is weighted by the probabilities). At least one deter-
ministic algorithm must have success probability p (otherwise the average would
be less thanp). Therefore (because we have a xed probability distribution of the
input instances), we need only consider deterministic algorithms.
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Next, consider some deterministic algorithm and the rst query that it makes:
(X1;y1) 210;1g" f 0;1g", wherex; is the input to the query andy; is the output
of the query. The result of this will just be a uniformly random element of 0; 19",
independent ofr. Therefore the rst query by itself contains absolutely no information
aboutr.

Now consider the second queryg;y,) (without loss of generality, we can assume
that the inputs to all queries are di erent; otherwise, the redundant queries could be
eliminated from the algorithm). There are two possibilitiesx; X, = r (collision) or
X1 X2 6 r (no collision). In the rst case, we will havey; = y, and so the algorithm
can deduce thatr = x; X,. Butthe rst case arises with probability only 2—11 With
probability 1 Zn—ll we are in the second case, and all that the algorithm deduces
aboutr isthatr 6 x; X, (it has ruled out just one possibility among 2 1).

We continue our analysis of the process by induction on the number of queries.
Suppose thatk 1 queries, k1;Y1);:::;(Xk 1;¥« 1) have been made without any
collisions so far (i.e., forall 1 i< k 1,y 6 y;). Then all that has been
deduced aboutr is thatr 6 x; x;, forall1 i<]j k 1. Therefore, at most

k21 =(k 1)k 2)=2 possibilities forr have been eliminated (up to one value of
r is eliminated for each pair of; and x;). Since there are 2 1 values ofr to begin
with (recall that r 6 O"), it follows that there are atleast 2 1 (k 1)k 2)=2
possibilities ofr that have not yet been eliminated. When the next queryXx; k) is
made, the number of potential collisions arising from it are at most 1 (the number
of previous queries). Therefore, the probability of a collision at quenry is at most

k 1 2k
n 1 (k LKk 2)=2 20+T k2

(96)

Let's review the expression on the left side of Eqg. (96). For the denominator, there
areatleast?2 1 (k 1)(k 2)=2 possibilities ofr remaining at the point of query
k (assuming that no collisions have occurred yet). And, for the numerator, among
those remaining values of, there arek 1 values ofr that cause a collision to occur
for query xx, namely the values in the sefx, Xi; Xk X2; :::; Xk Xk 10.

Since the collision probability bound in Eq. (96) holds alk, the probability of a
collision occurring somewhere amonigp queries is at most the sum of the right side
of Eq. (96) with k varying from 1 to m:

X 2k X" 2m 2m?

o1 2n+1 k2 - 2n+1 m2 2n+1 mz:

(97)
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If this quantity is to be at least % then

2m?2

3
2n+1 m2 Z (98)

It is an easy exercise to solve fan in the above inequality, yieldingm P (6=11)2",
which gives the desired bound.

Actually, there is a slight technicality remaining. We have shown thaP (6=11)2
gueries are necessany attain a collision with probability %; whereas the algorithm
is not technically required to make queries that include a collision. The algorithm
is only required to deducer, and it's conceivable that an algorithm could deduce
some other way without a collision occurring. But any algorithm that deduces can
be modi ed so that it makes one additionaléquery that collides with a previoHs_one.
So we have a slightly smaller lower bound of (6=11)2" 1, but this is still ( = 2).

18.3 Quantum algorithm for Simon's problem

Before showing you the algorithm for Simon's problem, I'd like to show you a partic-
ularly useful way of viewing the multi-qubit Hadamard transformH H H
and the structure off 0; 1g".

18.3.1 Understanding H H H

To start with, let's look at how H H H = H " (a Hadamard transform on
each ofn qubits) a ects the computational basis states.
First, for the state jOO:::0i = jO"i,
X
H "j0"i = iz joi (99)
b2f 0;1g"
It turns out that there's this nice expression for applyingH " to any computa-
tional basis statejai (a2 f 0;1g"). It's a uniform superposition of the computational
basis states, but with certain phases.

Theorem 18.2. For all a2 f 0;1g",

H "jai = pi- ( 1)?2°jbi; (100)

wherea b= ab + asb, + + a,b, mod 2
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For example,

5 00 01 10 11
+1 +1 +1 +1 oo

1
H H - p__§+1 1 +1 12 01 (101)
44+1 +1 1 1° 10

+1 1 1 +1 2

Note that, for eacha; b2 f 0; 1g?, the sign of entry (a;b) is ( 1)2°.

Proof of Theorem 18.2. The proof is this simple calculation

H "jai = H jai H jagi (102)
= p%jOi + p%( 1) jai pl—EjOi + pl—i( 1) jai (103)
X X
= ( 1) jbyi P (12" jhyi (104)
by 2f 0;1g b, 2f 0;1g
X
_ 912_7 ( DR (1) G (105)
b2f 0;1g"
X
_ 912_7 ( 1)mbrr tanbn (106)
b2f 0;1g"
[

So we have a nice expression for applyind) " on computational basis states. In
particular, notice how an expression that looks like a dot-product of twa-bit strings
(in modulo 2 arithmetic) arises.

18.3.2 Viewing fO0;1g" as a discrete vector space

Now let's think about the setf0; 1g". It's often useful to associate these strings with
mathematical structures, such as the integers0; 1;2;:::;2" 1g.

But we can also think of the setf 0; 19" as ann-dimensional vector space, where
the components of each vector are 0 and 1, and the arithmetic is modulo 2 (which
is equivalent to using for addition and ~ for multiplication). This is di erent
from a vector space over the eldR or C. But the set f0;1g, with addition and
multiplication modulo 2 (which we'll denoted asZ5), is a eld, meaning that it shares
some key structural properties that the real and complex numbers have (I won't go
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into the details of these properties here). It's perfectly valid to have a vector space
over a nite eld like Z,. The linear algebra notions osubspacedimensionand linear
independencemake perfect sense over such vector spaces.

And this brings us to that dot-product expression that arose in then-fold tensor
product of the Hadamard. For vector spaces oveR and C, the dot-product*? is an
inner product, and has useful properties. Two vectors arerthogonal if and only if
their inner product is zero.

Technically, the dot-product in our nite eld Z, scenario isnot an inner product.
An inner product has the property that, for any vectoryv, it holds that v v = 0 if
and only if v = O (the zero vector). In our nite eld vector space, there are non-zero
binary strings whose inner products with themselves are 0. Can you think of one?
Any binary string with an even number of 1s has dot product 0 with itself.

Nevertheless, this dot product does haveomenice properties. For example, the
space can be decomposed into \orthogonal" subspaces whose dimensions add up to
n. Two spaces are deemed \orthogonal" if every point in one has dot-product 0 with
every point in the other. Here is a schematic picture of a decomposition b, 193
decomposed into a 1-dimensional space and an orthogonal 2-dimensional space.

Figure 113: Schematic picture off 0; 1g°> decomposed into two orthogonal subspaces.

Of course the picture is really for vector spaces over the eld, not the nite eld Z,.
So it should just be seen as an intuitive guide, rather than a literal depiction.

o A word of caution:  for n-qubit systems, there are two spaces in play. One space
is the n-dimensional discrete vector spackQ; 1g" which is over the nite eld Z,.
This is associated with thelabels of the computational basis states. The other
space is the 2-dimensional space oveC, spanned by the 2 computational basis
states (technically, aHilbert spaced. Do not con ate these di erent spaces! For
example, 0Q0::0 is the zero vector in the nite vector space. Bu§00:::0i lives

13n the case of eld C we need to take complex conjugates one of the vectors in the dot product.
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in the Hilbert space, and it's de nitely not the zero vector. It's a quantum state,
which is a vector of length one.

18.3.3 Simon's algorithm
Applying de nition 16.1, the f -queries look like this.

Figure 114: f -query for Simon's Problem.

The f -query acts on 2 qubits and, in the computational basisf of the rst n bits
is XORed onto the lastn bits. With queries like this, it's not so clear how we can
\query in the phase”, as we did for all the quantum algorithms in section 17.

We'll start out di erently, with all the n target qubits just in state jOi. But we
will put the inputs to f into a uniform superposition of all then-bit strings. And
then we'll perform anf -query.

Figure 115: Beginning of Simon's algorithm.

What's the output state of this circuit? The state right after the query is
X
912—7 jaijf (a)i: (107)
a2f 0;1g"
Let's consider this state. It's sometimes said that what makes quantum computers so
powerful is that they can actually perform several computations at the same time. But
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this view is misleading. The state was obtained by making just one single query, and
it appears to contain information about all of the values of the functiorf . However,
it's not possible to extract more than one value of the function from this state. In
particular, if we measure this state in the computational basis then what we end up
with is just one pair (a; f (a)), where a is sampled from the uniform distribution. And
you don't need any quantum devices to generate such a sample. You could just ip
a coinn times to create a randoma and then perform one query to get (a).

So howshould we think about quantum algorithms? With a state like that in
Eq. (107), rather than measuring in the computational basis, we can instead|via a
unitary operation|measure with respect to another basis. In some cases, for a well-
chosen basis, we can acquire information about sorgibal propertyof f (instead of
the value off at some speci c point).

Let's try to nd a useful measurement basis for the case wherke satis es the
Simon property. The inputs to the function partition into colliding pairs. It helps
to look at our example in gure 112 again for reference. It's reproduced here for
convenience.

a |f(a)
000| 011
001|101
010/ 000
011|010
100| 101
101|011
110/ 010
111| 000

Figure 116: Copy of gure 112: A function satisfying the Simon property.

Let's de ne a setT so as to consist of one element from each colliding pair. In the
example, we take one of the two green points, one of the two blue points, one of the
two purple points and one of the two red points. Which one we choose won't matter;
what's important is that there exists such a setT. In the example, we could set
T = f00Q 100 01G 011g.

Notice that, for each element 2 T, the other element of the colliding pairisa r.
We don't know what r is (that's what we're trying to nd by the algorithm). But we
know that f satis es the Simon property and thatthere existsan associated. (In
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the example,r = 101.)
Therefore, if we combine the elements @f with the elements of the seff r then
we get all off 0; 1g". This enables us to rewrite the state in Eq. (107) as

%X jajf(@i+ja rijf(a r)i ; (108)
a2T
where we are only summing over the elements ®f but, for eacha 2 T, we include
two terms: one fora and one fora r.
Now, sincef satis es the Simon property with the associated, for eacha, we
have thatf (a) = f (a r). That's exactly what the Simon property says. So we can
write the expression in Eq. (108) as

%X jai +ja ri jf(a)i: (109)
a2T

Suppose that we now measure the lastqubits in the computational basis. Then the

state of the lastn qubits collapses to some valué(a) and the residual state of the

rst n qubits is a uniform superposition of the pre-images of that value. That is, the

state of the rst n qubits becomes

phjai + phja ri: (110)

for a randoma 2 f 0; 1g". What can we do with this state? If we could somehow
extract both a and a r from this state then we could deduce the value af (by
taking their XOR a (a r) = r). But we can only measure the state once, after
which its state collapses.

If we measure in the computational basis, then we just get eithex or a r,
neither of which is su cient to learn anything about the value ofr. We can think
of measuring in the computational basis this way: we rst randomly choose a color
(that's what happens when we measure the last qubits), and then we randomly
choose one of the two elements of that color (that's what happens when we measure
the rst n qubits). So the net e ect of all this is to get just a randomn-bit string,
which is devoid of any information about the structure off . So, if we want make
progress than we should de nitelynot measure the rstn qubits in the computational
basis.

Something quite remarkable happens if we apply a Hadamard transform to each
of the n qubits before measuring in the computational basis. We can calculate the
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state resulting from the Hadamard transform using Theorem 18.2 as

X X
H " ehjai + vhja ri = plr ( 1)2Pjbi + ( D@ DPjH (111)
b2f 0;1g" b2f 0;1g"
X X
= Porr ( 1)*°jdi + ( D*°( 1) °jbi
b2f 0;1g" b2f 0;1g"
(112)
X
= o (1% 1+( 1°jhi - (113)
b2f 0;1g"

Why is this interesting? Let's think about what happens if we measuréhis state in
the computational basis. Notice that, for eaclb2 f 0; 19",

(
2 ifr b=0
1+( 1)P° = 114
- 0 ifr b=1; ( )

Therefore, the probability of eachb2 f 0; 1g" occurring as the outcome is

i ifr b=0 15)
0 ifr b=1.

In other words, the outcome of the measurement is a uniformly distributed random
bin the orthogonal complement ofr (that is, for which r b= 0).

Figure 117: Schematic illustration ofr 2 f 0; 1g" and the setfb2f0;1g" :r b=0g.

This b does not produce enough information for us to deduce but it reveals partial
information about r. Namely that the bits of r satisfy the linear equation

biry + bpr, + +br, 0 (mod2) (116)

And we can acquire more information about by repeating the procedure.
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Figure 118: Each execution of this procedure yields a randorb 2 f 0; 1g" such thatr b=0.

Each execution of the procedure in gure 118 producksan independent random
b2 fO0;1g" that is orthogonal to r (in the sense thatr b = 0). Suppose that we
repeat the process: 1 times (so the number of -queries isn 1). Then, combining
the resulting b's, we obtain a system oh 1 linear equations (in mod 2 arithmetic)

2 32 3 23
bl;2 bl-n ] 0

bl;l ;
T 1 1 B 2 (117)
bn 11 b’] 1,2 h1 In Mn 0

If the n 1 n matrix has rank n 1 then there is a uniqgue nonzero solution to
the system, which can be easily found by Guassian elimination. What's the proba-
bility that this matrix has full rank? It turns out that this probability is a constant
independent ofn.

Exercise 18.1. Show that, if each of the rows of an 1 n matrix is an independent
sample form the set ob 2 f 0; 19" such thatb r = 0, then the probability that the
matrix has rankn 1is at least 3.

So we now have a quantum algorithm that makes 1 queries in all and succeeds in
nding r with probability at least %. This fails with probability at most 2. It's easy
to reduce the failure probability to (‘%)5 < % by repeating the entire procedure ve
times. D

In conclusion, (= 2") queries are necessary for any classical algorithm to attain
success probability%, whereas orderO(n) queries are su cient for a quantum algo-
rithm to attain success probability %.

14The outcome of the measurement of the rstn qubits is the same whether or not the lastn
gubits are measured.
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18.4 Signi cance of Simon's problem

Now, what should we make of Simon's problem and Simon's algorithm?

It's a black-box problem that was specially designed to be very hard for proba-
bilistic classical algorithms and easy for quantum algorithms|thereby improving on
previous classical vs quantum query cost separations.

classical classical
problem guantum | deterministic | probabilistic
Deutsch 1 2 2
1-out-of-4 search 1 3 3
Const. vs. balanced 1 " 1+1 O(1)
Simon O(n) (2 "?) (2 ™?)

Figure 119: Summary of query costs for problems considered so far.

But Simon's problem doesn't immediately look like a problem that one would care
about in the real world. When Simon's work rst came out, people were wondering
what to make of it. Although it provided a very strong classical vs. quantum query
cost separation, it looked like a contrived problem. Moreover, a contrivellack-box
problem, which is not even a conventional computing problem, involving input data.

This may be one's rstimpression, but there's actually more to it than that. Look
again at the Simon property: foralla, f (a) = f (a r). Thisis kind of like a periodicity
property of a function, which would be written as: for alla, f (a) = f(a+ r). And
periodic functions arise naturally in many contexts. We'll soon see that variations of
Simon's problem in this direction are very fruitful.
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19 The Fourier transform

Up until now, the Hadamard transformH = e[} 1] (acting on qubits) has played
a prominent role in quantum algorithms. There is a natural generalization dfl to
m-dimensional systems, called thé&ourier transform, which is also very useful for

guantum algorithms.

19.1 De nition of the Fourier transform modulo m

We begin by considering complex numbers the form
| = i (118)

which we refer to ag(primitive) m'" roots of unity. Clearly,! ™ = 1. Here's where! ,
and all its powers, lie in the complex plane.

Figure 120: The powers offt are m equally spaces points on the unit circle inC.

If we sum all these powers of , we get zero: 1+ +!2+ + 1™ 1=0, Can you
see why? Moreover, if we sum all the powers bf (assumingl k m 1) we also

get zero.

Exercise 19.1 (Hint: use formula for sum of geometric sequenceprove that, for
allk2f1,2:::;m 1g, it holds that

1
j=0

. ) . P .
What about the powers of! ™? Since! ™ = 1, it's obvious that jmzol! M =m.
Now we can de ne the Fourier transform modulam.
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De nition 19.1  (Fourier transform). The Fourier transform modulom is them m
matrix

2 3
1 1 1 1
1 | 1 2 | m 1
1
Fry = pﬁ 1 1 2 1 4 | 2(m 1) : (120)
1 [ m 1 2(r’.n 1) | (m. 1)2

Note that (after the normalization factor plﬁ) the rst columnis 1s, the second column
is the powers oft , the third column is powers of! 2 and so on.

Exercise 19.2. Prove that F, is unitary.

Exercise 19.3. Prove that the inverse Fourier transformF,, is

2 3
1 1 1 1
1 11 | 2 | D
Fm:plﬁ 1 12 g | 2m g (121)
1 I (m 1) | 2m 1 I (m 1)?

For all a 2 Z,, applying the Fourier transform F, to the computational basis
state jai results in the state
) ¢ 1
Fmjai = pL  112jji; (122)
j=0
which corresponds to columra of F,,. We call this a Fourier basis state Similarly,
applying the inverse Fourier transformF, to jai results in the state
)24 1
Fojai = s 1 12jji: (123)
j=0
If there are n registers that are eachm-dimensional, and you applyF,, to each
register (which isF,, Fn Fm = F,," on the n-register system) then, for all
(ag;az;::i a0) 2 Z7,

(Fm) "ja@;iiiia0i = p=  !2Pjbybyiiihyi (124)
m b2zn,
. 1 X b _
(Fm) "asag;iiniand = p—= 1M N N (125)
m b2zn,



wherea b= (aj;a;:::;ay) (b)) = ab+ asb + + a,b, mod m. Note
that Eqns. (124)(125) generalize Theorem 18.2 in section 18.3.1 from the modulo 2
case to the modulom case.

19.2 A very simple application of the Fourier transform

We will soon see, in section 21, that it's possible to e ciently solve the celebrated
discrete log problem(which will be de ned in section 20) by reducing it to a general-
ization of Simon's problem (section 21.2), where the modulusns (as opposed to 2).
This generalization can be solved along the lines of Simon's algorithm|using Fourier
transforms in place of Hadamard transforms.

In this section, we consider a very simple query problem where a quantum al-
gorithm that employs the Fourier transform outperforms what any classical query
algorithm can do. The reduction in query cost is modest: the quantum algorithm
makes onef -query; whereas any classical algorithm must make twio-queries. Al-
though this is not a dramatic e ciency improvement by a quantum algorithm, it
shows the Fourier transform in action in a simple setting, where some of its interest-
ing properties are easy to observe and analyze.

De nition 19.2 (Linear coe cient problem). Letm 2. Let a;b2 Z,, and de ne
f:Znw! Zy as

f(x) = ax+ bmodm,; (126)

for all x 2 Z,,. Assume that you are given access to a black-box for the functign
but you are given no other information abouf. You don't know what the linear
coe cient ais, nor the additive constanth. Your goal is to nd the value of the linear
coe cient a.

It's not hard to see that, in the special case wheren = 2, this is equivalent to
Deutsch's problem (section 17.1). In that case, the four functions are all of the form
of Eq. (126) andf (0) = f (1) if and only if a = 0. Moreover, it is straightforward
to show that, for all m 2, any classical algorithm for the linear coe cient problem
problem must make at least twof -queries.

Exercise 19.4. Show that, for classical algorithmstwo f -queries are necessary and
su cient to solve the linear coe cient problem.
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Next, we will see a quantum algorithm that solves this problem with only one

quantum f -query.
We need to de ne the notion of aquantum f -query for functions of the form
f :Zn! Zn. A reasonable de nition is as the unitary operation that maps each

basis statejxijyi to
Xijy+f (x) mod mi; (227)

for all x;y 2 Z,,. Here is notation for a quantumf -query (which makes sense fany
f:Zn! Zpy).

Figure 121: Quantumf -query (for f : Zy ! Zp).

Note the similarity with gure 95 (for the case wheref : f0;1g!f O0; 1g).

Given the resemblance of the leading coe cient problem to Deutsch's problem,
we can draw inspiration from the quantum algorithm for that problem (section 17.1),
substituting F,, and F, for Hadamard transforms. In fact, our quantum algorithm

will be the following quantum circuit.

Figure 122: Quantum algorithm for the linear coe cient problem.

Note the resemblance to the quantum circuit in gure 98; wherm = 2, the two
guantum circuits are identical. Why is the measured output of this quantum circuit
the linear coe cient a? We will carefully go through then role that each of the Fourier
transforms plays in the computation.

In gure 98, the Hadamard transform on the second register creates the special
state ji in the target register of thef -query, so thatf -queries have the e ect of
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querying in the phase:jxi 7! ( 1) jxi (for x 2 f 0; 1g). An analogue of querying
in the phase forZ,,-valued registers is to implement a mapping of the form

jxi 70 1100 jx (128)

(for x 2 Z,), where! = €™ | This is achieved by setting the second register to the
state

ji=Fjl (129)
) ¢ 1

= plﬁ I Pjbmodmi : (130)
b=0

To see why this cause§-queries to implement the mapping in Eq. (128), rst de ne
a mod m generalization of the unitary operationX as the m-dimensional unitary
operation that, in the computational basis, adds 1 modulon to a register. Let's call
this the increment modulom operation and denote it asX,,. For all a2 Z,,

Xmja = ja+1modmi: (131)

The e ect of X, onj i (the state de ned in Eq. (129)) is

) ¢ 1
Xmj i=Xm e I Pjb (132)
b=0
1
=L I Pjb+1mod mi (133)
b=0
1
=L I ©Djcmodmi (134)
c=0
)¢ 1
=L I ®jcmod mi (135)
c=0
=1lji: (136)
More generally, we haveX,)%j i = ! kj i (in other words, addingk modulo m to

statej i results in state! ¥j i). From this it follows that an f -query applied to state
jxij i produces the statel "™ jxij i, thereby implementing a mapping of the form
in Eqg. (128) (with respect to the rst register).
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Following the outline of Deutsch's algorithm (section 17.1) as a guide, the Fourier
transform on the rst qubit creates the superposition

FmjOi = oL jOI + jli+  +jm i (137)
) ¢ 1

=L jxi: (138)
x=0

Applying an f -query to this state (with the second register set tg i), results in the
State

1 )¢ 1
pb 1T0jxi = L 1 @by (139)
x=0 x=0
) ¢ 1
= 1P pL 1y (140)
x=0
= I PF jai: (141)

Since this state isF, jai (with a global phase of! P), applying F,, to the rst
register after the query results in the state Pjai. Applying a measurement to this
rst register results in a, as required. Therefore, the quantum circuit in gure 122
does indeed solve the linear coe cient problem.

19.3 Computing the Fourier transform modulo 2"

The Fourier transform F, is de ned in section 19.1. We're interested in computing
Fn eciently by a quantum circuit consisting of elementary operations acting on
qubits. There's an elegant way to do this in the case whera = 2". Note that Fx
iS a unitary operation acting onn qubits. | will show you a fairly simple quantum
circuit consisting of O(n?) gates that computesFan .

It's useful to visualize how the powers of a (primitive) 2-th root of unity ! are
aligned in the complex plane. They are 2equally spaced points on the unit circle,
and here's what they look like whem = 3.
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Figure 123: Powers of! , a primitive 8-th root of unity in C.

For a 2'-th root of unity ! , a couple of simple but valuable observations are:
1.12" ' = 1. (Forexample, in gure 123, is an 8-throotof unityand! 4= 1))

2. !2isa 2 -throot of unity. (In gure 123, ! 2 is an 4-th root of unity.)

19.3.1 Expressing Fox in terms of Fon 1

To get a feeling for how this works, let's rst consider the case where= 3. For each
a2f0;1g® f 0;1;2;3;4;5;6, 79, the corresponding Fourier basis stat€gjai is

jood + ! 3j007 + ! 23j010 + ! 33j011 + ! %3100 + ! °3j104 + ! 3110 + ! 4111 :

(where the normalization factorral—g is omitted). Question: Are these three qubits
entangled or in a product state? In fact, this state can be written as

jOi  jOO + ! 3j0di +! %510 + ! 33j11i

+14j1i  joO + ! 301 + ! 2210 + ! %¥j11i (142)
= jOi + ! 1 jOO + ! 3020 + ! 23100 + ! 33j11i (143)
= joOi + ! ®j1i joi + 1 231 joi + 131 - (144)

SoFgjai is a product of three 1-qubit states.
This generalizes toF,» jai, for all n 1, as follows.

Lemma 19.1. Foralln landa2fO0;1g",

Fxjai = joi +12" '35 joi + 191 joi + ! ®jL joi + ! i ;
(145)

where there is a normalization factor szn%z.
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Our quantum circuit for computing the Fourier transform will make use of this
structure. Remember that, if we compute a linear operator that matches the Fourier
transform on all computational basis states then it must be the Fourier transform.

Let's return our attention to the n = 3 case, where the Fourier basis states are

Fgjai = jOi + ! “3j1i joi + ! 23j1i joi + 131 ; (146)

for all a2 f 0;1g°, where! is a primitive 8-th root of unity. Each a = a,a,ay denotes
an element off 0; 1; 2; 3; 4, 5; 6; 7g in the usual way @g is the low-order bit and a; is
the high-order bit).

218
000
001
010
011
100
101
110
111

~No ok WONEFE OD

Figure 124: Binary representation of numbers inf0; 1; 2; 3; 4, 5; 6; 79.

Consider the state of the rst qubit in Eq. (146). Since! 4= 1, the state of the
rst qubit simplies to jOi +( 1)#jli. Note that this is j+i whena is even andj i
when a is odd. The parity of a is determined by its low-order bitag. Therefore the
rst qubit of Fgjai is simply H jagi.

What about the remaining qubits? Letj i denote the second and third qubit in
Eq. (146). That is,

i i= j0i +! %1 joi + 1 3j1i : (147)

Now, please look at then = 2 case of the expression in Eq. (145) in Lemma 19.1.
Doesj i look like F4jai ?

There is certainly a super cial resemblance; however, i andF4jai are notexactly
the same. The stateF,4jai is with respect to a 4-th root of unity|not an 8-th root
of unity. Another di erence is that F4 acts on 2 qubits; whereas the parameteax in
Eq. (147) is a 3-bit integer.
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It will be fruitful to explore in more detail the di erence betweenj i and F4jai.
Let's see what these states look like in terms of the digitsa; ay of the binary represen-
tation of a. We'll use the Greek letter$ to denote the 4-th root of unity ($ = €= %),
while reserving! for the 8-th root of unity (! = €2~ 8). Note that ! 2= $..

If we apply F4 to jaya;i (the two higher order digits ofa), the result is

Fijaari = jOi + $ 222aljyj jOi + $ [Beauljq (148)
= jOi + (! 2)2ealjg jOi + (! 2)[eeanl (149)
= jOi + | 22eallj; joi + 1 [B2ai0lqj - (150)

In the exponent, I've surrounded the binary representations by square brackets so
that they can be clearly read; the two-digit number in the square brackets is either
0, 1, 2, or 3. Eq. (148) is due to Lemma 19.1. Eq. (149) is due $o= ! 2. And
Eqg. (150) is dué® to 2[aya;] = [a,a,0].

Now let's expresg i in terms of [a,a;ag]. This is

joi= joi + 1 A@maliyp i 4 | el g (151)
= jOi + | A3l 220 jq; jOi + 1 [Be@0lp 20 qj (152)

Comparing Eg. (150) with Eq. (152), we can see precisely where they dier: the
factors! 2% and! 2 (highlighted in red). We'll refer to these asphase corrections

Based on the above observations, let's try to computEgja,a;api in terms of
F4jara;i and H jagi, combined with additional gates that perform phase corrections.
To perform the phase corrections, we introduce the following new 2-qubit gate.

De nition 19.3  (controlled-phase gate) For any r 2 Z, the 2-qubitcontrolled-phase
gate (with phasee€?=" ) is de ned as the unitary operation that, for alla;b2 f 0; 1g,
mapsjaijbi to (€2 )jaijhbi. The unitary matrix for the gate is

2 3
1 0 0 O
O 1 0 O

E O 0 1 o0 z (153)
0O 0 0"

and our circuit notation for this gate is shown in gure 125.

15This is a simple maneuver. It's the binary equivalent of what we do in base ten when we multiply
an integer by ten: we add a zero digit and shift all the other digits left. 10 times 23 is 230.
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