Introduction to Quantum Information Processing (Fall 2023) QIC710/CS768/C0O681/PHYS767/AMATH871/PMATHS871

Assignment 4
Due date: 11:59pm, November 14, 2023

1. Probabilistic mixtures of Bell states [12 points; 4 each].
Consider this probabilistic mixture of Bell states

(75100) + 5|11)  with probability § +
%|OO> — \%\11) with probability 5 — 4 )
1
5101) + 5[10)  with probability &
| 5101) — 5/10)  with probability g,
where ¢ is a parameter such that 0 < < %

(a) Give the 4 x 4 density matrix for this state. Write out the entries of this matrix.

(b) Give the density matrix for the special case where 6 = 0 (write out its entries). Is
that state separable or entangled?

Give the density matrix for the special case where § = %
that state separable or entangled?

(¢) For what values of ¢ € [0, %] is the state separable? Justify your answer.

(write out its entries). Is

Hint: You may use the positive partial transpose test to determine whether or not the
state is separable.

2. Action of unitary operations on the Bloch sphere [12 points; 4 each].
For every 2 x 2 unitary matrix U, the effect of applying U on a qubit can be viewed as a
rotation of the states in the Bloch sphere. For example, it can be shown that

o

corresponds to rotation by angle 26 along the axis specified by state |0). In each case
below, give the angle of rotation and also specify the axis of rotation:

[cos@® —sin 9}

sin 0 cos 6

[ cosf isiné
isin 6 cost

[cos @ sin 6
| sin 0 —cosO|’

CONTINUED ON NEXT PAGE



3. Detail about measurements associated with Kraus operators [8 points].
Prove that if matrices Ay, Ao, ..., A,, are Kraus operators (i.e., they satisfy the equation
Yoy ArAr = I) and p is any valid density matrix then, for all £ € {1,2,...,m} for
which Tr(AgpA;) > 0, it holds that

AppA;
__ kP (3)
Tr(AwpAL)
is also a valid density matrix. (A square matrix M is a valid density matrix if, for all
states [¢), it holds that (¢|M|¢) > 0 and Tr(M) = 1.)

Note that, in the context of a measurement, the instances of k for which Tr(AxpA;) =0
can be ignored because they never occur (i.e., they occur with probability 0).

4. A particular class of quantum channels [12 points; 4 each].
Define the qubit-to-qubit channels y4 and xp as

xa(p) = AopAy + A1pAj (4)
xs(p) = BopB; + BipBj, (5)

where 1 0 0 VI—p
Ay = {0 \/ﬁ} and Ay = {O 0 } (6)

—_

o ol e m= [0 VT (7

for parameters p, q € [0,1].

(a) Confirm that Ag and A; are valid Kraus operators by calculating
As A+ ATA,. (8)

(b) Describe in words what the channel x4 does in the case where p = 0. Describe in
words what the channel x4 does in the case where p = 1.

(c) Consider the channel obtained by first applying x4 and then applying x . Denote
this composed channel as xp o x4, where (x5 o xa)(p) = xs(xa(p)). From the
definition, the composed channel xp o x4 has Kraus operators ByAg, ByA1, B1 Ay,
and B A;. Write out the entries of these four matrices. Is yp o x4 the same channel
as x¢, with Kraus operators

O R (e o

State your answer and justify it.
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5. Some mixed-state state distinguishing problems [8 points, 4 each)].
Consider the following state distinguishing problems, where you are given the state on
the left or the right (each, with probability %) and your goal is to correctly guess which of
the two states it is. In each case, give the maximum possible success probability possible
and describe the measurement procedure that attains it:

0) with prob. 1
(a) state |0) VS. state 0) W? pro :
1) with prob. 5
0 ith prob. 1
(b) state |0) VS. state 0) W% pro 2
|+) with prob. 3

6. Mixed unitary channels [8 points].
A channel is mized-unitary if it can be expressed in terms of Kraus operators Ag, - -+ , A1
that are of the form Ay = /py Uy, where Uy, ..., Uy, are unitary and (po, ..., Pm—1) is
a probability vector.

Consider the one-qubit channel that maps every 2 x 2 density matrix to the density matrix
[162 1(/)2}. Show that this is a mixed-unitary channel by exhibiting four Kraus operators,
Ag, A1, Ag, Az, for it that are in the form of a mixed-unitary channel.

7. (This is an optional question for bonus credit)
Mixed unitary channels [6 points].
Prove that the channel in question 6 cannot be expressed as a mixed-unitary channel with
only three Kraus operators.

Note: If you submit a solution to this question then there is a size-limit of one page.



